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Summary

In this paper, we explore a combination of the reciprocal absorbing boundary
condition with perfectly matched discrete layers for the time-domain analysis
of wave motion in the full plane. Coupling of these absorbing boundaries leads
to solutions for out-of-plane as well as in-plane excitations of the full plane.
Togetherwith numerical transient simulations, harmonic analysis is also carried
out for the purpose of verifying the results by comparing with available exact
frequency-domain solutions. The proposed combination is investigated through
several numerical examples, which demonstrate its accuracy and efficiency.
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1 INTRODUCTION

Problems of wave propagation are often formulated in unbounded domains. This is the case in seismology, geophysical
exploration, earthquake engineering, dynamic soil-structure interaction, geotechnical site characterization, and nonde-
structive evaluation, to mention a few areas of current research interest. Typically, in such problems, the analyst is most
concerned with the response of the so-called near field, for example, in dynamic soil-structure interaction, the soil in a
neighborhood of a structural foundation. Normally, the near field encompasses most or all irregularities and material or
other nonlinearities. On the other hand, the rest of the domain, the far field, performs in the linear range. It is then desir-
able or imperative to represent the far field as efficiently and accurately as possible in terms of its dynamic characteristics
stemming from inertia, dissipative behavior, and stiffness of the unbounded medium.
In all developments to date, the approach has been to apply conditions on the boundary of a computational domain

that contains the near field. These conditions are intended to describe, to various degrees of accuracy, the effects of the
far field on the near field. Collectively, they are referred to as absorbing boundary conditions (“ABCs,” also known as
“transmitting” or “nonreflecting”) since the primary objective is to “absorb” or allow outward traveling incident waves.
There have been developments of “local” and “global or nonlocal” ABCs in the frequency and time domains. Examples of
nonlocalABCs are those based on the boundary integral equationmethodwhereGreen's functions for the infinite domain
are used along with reciprocity equations to obtain a representation, in the frequency or time domains, of the far field
that involves the entire absorbing boundary (see the report by Brebbia and Dominguez1 and the review by Tassoulas2).
Another nonlocal development in the frequency domain has been the synthesis of a transmitting boundary in terms of
wave modes derived for horizontally layered media by the finite element method. The latter contribution is due to Waas3

and Kausel.4

Local ABCs have been based on approximations of the one-way wave equation in frequency-wavenumber space. The
lowest-order approximation involves a single boundary point and is particularly easy to implement and apply. How-
ever, such simple ABCs have been shown to require a rather extensive computational domain. Otherwise, waves would
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be reflected by the boundary and return to produce spurious response in the near field. The quality of local ABCs was
improved by the introduction of hierarchies of high-order ABCs. Examples include the families of ABCs developed by
Engquist andMajda5 andHigdon.6 Whilehigh-order localABCs performwell (seeKausel and Tassoulas7), the implemen-
tation in numerical frameworks such as the finite elementmethod is quite challenging. Guddati and Tassoulas8 presented
a procedure based on continued fractions for efficient implementation of arbitrarily-high-order local ABCs.
Perhaps, themost versatile realization of localABCshas been the introduction of “perfectlymatched layers” (PMLs) that

provide smooth conversion (ie, without reflection) of travelingwaves to evanescent ones upon incidence on the boundary.
The energy carried by the incident waves is expended in the PMLs and (ideally) does not return to the near field. A rela-
tively crude version of this dissipativeABChadbeen introduced by Israeli andOrszag9 in the formof “sponge layers”while
the elegant formulation of PMLs was pioneered by Berenger.10 In a related development, Guddati and Lim11 have shown
how perfectly matched discrete layers (PMDLs) can be incorporated directly and seamlessly in finite element analysis.
Also notable is the early work by Basu and Chopra12 in which the use of PMLs with elastic waves was explored. Although
the PMLs are successful with regard to numerical accuracy, this absorbing condition still faces the main challenge, which
is the unstability in long-time simulation. In order to resolve this drawback, Meza-Fajardo and Papageorgiou21 proposed
the multiaxial PML (M-PML), which is based on a nonconvolutional formulation and a specification of damping profiles
of PML in several directions. The M-PML approach led to stability improvements in comparison with conventional PML,
not only in isotropic but also in anisotropic media.
Exploiting the dissipative nature of unbounded domains, other absorbing boundaries have been proposed. For example,

Semblat et al22 applied appropriate Rayleigh/Caughey damping coefficients to attenuate the spurious reflections on the
artificial boundary. This approach, therefore, has been referred to as a Caughey absorbing layer method (CALM). In the
same vein, Liu and Jerry23 proposed the ALIDmethod by attaching absorbing layers with increased damping coefficients
on the boundary of the near-field. These approaches are very convenient since the dampingmatrix can be computed easily
and is often available in commercial finite-element packages.
Recently, the authors have introduced a novel nonlocal condition by means of reciprocity equations (reciprocal ABCs

[RABCs]). Unlike earlier developments, the RABCs do not require availability of Green's functions for the unbounded
domain. In fact, Green's functions are obtained as a by-product of RABCs. The conditions take advantage of the fact that
reciprocity holds between infinite domains that differ only by the boundary location. For example, if the infinite domain
is a layered medium with free surface and fixed base (layered stratum), the domains extending outward of any vertical
boundary are identical and, therefore, candidates for application of reciprocity equations. In a series of articles,13-15 & 24

the authors have described RABCs for layered strata and half-space, elastic, and scalar waves. In the present paper, an
extension of RABCs to a full space, in particular, a full plane, is presented. We show how RABCs can be combined with
PMDLs to treat the unbounded region exterior to a circular disk undergoing axial (out-of-plane), radial, torsional, and
lateral (in-plane) vibrations. Computational results are presented and compared with exact solutions and numerical ones
from extended finite-elementmeshes.

2 RECIPROCAL ABSORBING BOUNDARY CONDITION

2.1 Acceleration-based reciprocity theorem
The reciprocity theorem in terms of displacements16 for the same body in two elastodynamic states I and E can be
written as

∫
Γ

tI𝑗 (x, t) ∗ u
E
𝑗 (x, t)dΓ + ∫

R

𝑓 I
𝑗 (x, t) ∗ u

E
𝑗 (x, t)dR + 𝜌∫

R

[
uI𝑗(x, 0

+)vE𝑗 (x, t) + vI𝑗(x, 0
+)uE𝑗 (x, t)

]
dR

= ∫
Γ

tE𝑗 (x, t) ∗ u
I
𝑗 (x, t)dΓ + ∫

R

𝑓E
𝑗 (x, t) ∗ u

I
𝑗(x, t)dR + 𝜌∫

R

[
uE𝑗 (x, 0

+)vI𝑗(x, t) + vE𝑗 (x, 0
+)uI𝑗 (x, t)

]
dR, (1)

where uj, vj, tj, andfj are, respectively, displacements, velocities, tractions, and body forces in the two states, while 𝜌 is the
mass density. An asterisk denotes a convolution integral, defined as

tI𝑗(x, t) ∗ u
E
𝑗 (x, t) =

t

∫
0

tI𝑗(x, t − 𝜏)uE𝑗 (x, 𝜏)d𝜏. (2)
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FIGURE 1 The reciprocal absorbing boundary condition

As shown in Section 2 ofNguyen andTassoulas,14 the reciprocity theoremcanbewritten in an alternative form involving
accelerations and tractions as follows:

∫
ΓI

𝜏 I𝑗 (x, t) ∗ a
E
𝑗 (x, t)dΓ = ∫

ΓE

𝜏E𝑗 (x, t) ∗ a
I
𝑗 (x, t)dΓ. (3)

The latter form is not only equivalent but preferable in many practical applications of interest with silent initial condi-
tions. Let us consider the problem of a stratum as depicted in Figure 1, the boundary conditions on the surface, the base
(bedrock), and the infinite boundary toward the right allow us to reduce the integrals in Equation (14) to ones involving
only the near-field boundaries Γ0I and Γ0E:

∫
Γ0I

𝜏 I𝑗 (x, t) ∗ a
E
𝑗 (x, t)dΓ = ∫

Γ0E

𝜏E𝑗 (x, t) ∗ a
I
𝑗 (x, t)dΓ. (4)

Within the finite-element framework, the region between the two boundaries Γ0I and Γ0E is vertically discretized by
sufficiently small elements as in Figure 1. Such a discretization builds a column of elements, and the discrete version of
Equation (4) for this column can be expressed as

PTI (t) ∗ aE(t) = PTE(t) ∗ aI(t), (5)

where PI(t),aI(t) and PE(t),aE(t) are force and acceleration vectors on Γ0I and Γ0E, respectively.

2.2 The construction of RABC
In order to obtain the RABC,13 we solve n problems, simultaneously, where n is the number of degrees of freedom on the
boundary Γ0I . Specifically, in each problem, an unit-step force is applied on this boundary. Using the trapezoidal rule

13

and applying the reciprocity equation (Equation 5) between the jth and the lth problems leads to

P(1)
El · a

(k+1)
I𝑗 − P(1)

I𝑗 · a(k+1)El + a(1)I𝑗 · P(k+1)
El = P(k+1)

I𝑗 · a(1)El + C(k)
𝑗l − C(k)

l𝑗 , (6)

where Cs are calculated as

C(k)
𝑗l = 2

k∑
m=2

P(k+2−m)
I𝑗 · a(m)

El , (7)
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C(k)
l𝑗 = 2

k∑
m=2

P(k+2−m)
El · a(m)

I𝑗 . (8)

Now, it is time to use the equilibrium equations of the column in RABC. In particular, the equation for the jth problem
is given by ⎡⎢⎢⎣

[
M̂
]

2n×2n

0
n×n
I

n×n

⎤⎥⎥⎦
⎧⎪⎨⎪⎩
aI𝑗
aE𝑗
P̂E𝑗

⎫⎪⎬⎪⎭
(k+1)

=
{
P̂I𝑗
0

}(k+1)

. (9)

We have adopted here the Newmark method17 for solving the semidiscrete equation of motion, which is expressed as

Mak+1 + Cvk+1 +Kuk+1 = Pk+1 at tk+1. (10)

The matrix M̂ and the vector P̂k+1 are given by

M̂ =M + 𝛾ΔtC + 𝛽Δt2K, (11)

P̂k+1 = Pk+1 − C [vk + (1 − 𝛾)Δtak] −K
[
uk + Δtvk + (0.5 − 𝛽)Δt2ak

]
, (12)

where 𝛽 = 1∕4 and 𝛾 = 1∕2 are two basic coefficients of the average-acceleration version of the Newmark method.
So far, we have obtained 3n2 equations consisting of 2n2 equilibrium equations (Equation 9) and n2 reciprocity equations

(Equation 6). Therefore, it is straightforward to solve for 3n2 unknowns including a(k+1)I𝑗 , a(k+1)E𝑗 , and P̂(k+1)
E𝑗 . Finally, once

a(k+1)I𝑗 anda(k+1)E𝑗 are computed, u(k+1)
I𝑗 , u(k+1)

E𝑗 and v(k+1)I𝑗 , v(k+1)E𝑗 can be updated by the Newmark method as follows:

uk+1 = uk + Δtvk + Δt2 [(0.5 − 𝛽)ak + 𝛽ak+1] , (13)

vk+1 = vk + Δt [(1 − 𝛾)ak + 𝛾ak+1] . (14)

3 PERFECTLY MATCHED DISCRETE LAYERS

3.1 Semidiscrete equation of motion
3.1.1 Anti-plane shear
Following the procedure described in Guddati and Lim,11 in the last step of implementing PMDLs, we couple edge
absorbing elements to the interior domain. This coupling yields the global system of governing equations in time

MiUtt + CeUt +KiU + Re

t

∫
0

Ud𝜏 = Pi, (15)

where Pi is the load vector resulting from the interior.Mi andKi are respectively the mass and stiffness matrices of the
interior domain. The subscripts i, e here stand for interior and edge absorbing elements, respectively.
Two other matrices Ce and Re on the left-hand side are assembled from PMDL-edge elements as the following:

Ce =
Npmdl∑
n=1

C𝑗
e, (16)

Re =
Npmdl∑
n=1

R𝑗
e, (17)

where Npmdl is the number of PMDL-edge elements, and for each element,

C𝑗
e = ∫

Γ𝑗

NT
ΓC

𝑗NΓdx, (18)
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R𝑗
e = ∫

Γ𝑗

𝜕NT
Γ

𝜕x
R𝑗 𝜕NΓ

𝜕x
dx. (19)

In the above equations, the matrix of shape functionsN𝛤 is defined as

NΓ =
[
N1 0 … Nk 0
0 N1 … 0 Nk

]
, (20)

in which k is the number of boundary nodes in the x-direction. Matrices Cj and Rj in the integrands are computed as

C𝑗 = 𝜇

2c𝑗

[
+1 −1
−1 +1

]
+

𝜌c𝑗
2

[
1 1
1 1

]
, (21)

R𝑗 =
𝜇c𝑗
2

[
1 1
1 1

]
. (22)

The shear modulus is denoted by 𝜇, while cj denotes the reference phase velocity of the jth PMDL-edge element:

c𝑗 =
cs

cos
[
𝜋( 𝑗−1)
2n

] , n = 5, (23)

where cs =
√
𝜇∕𝜌 is the shear-wave speed. This choice of the reference phase velocity is based onminimizing the reflection

coefficient due to truncating PMDL elements, ie, applying the fixed boundary at the bottom of n PMD layers.

3.1.2 Plane strain
In plane strain,18 coupling edge elements to the interior domain again gives us a third-order differential equation in time,

MiUtt + CeUt + (Ki +Ke)U +Re

t

∫
0

Ud𝜏 = Pi, (24)

where Pi is the resultant force from the interior. The semidiscrete equation here is slightly different from Equation (15)
since it has an additional termKe. On the left-hand side, thematricesCe,Ke, andRe are computed by assembling element
matrices:

C𝑗
e =

1

∫
−1

1

∫
−1

(
lx
2c𝑗

BT𝜂𝜂D𝜂𝜂B𝜂𝜂 +
lxc𝑗𝜌
2

NTN
)
d𝜉d𝜂 +

1

∫
−1

1

∫
−1

(
BT𝜉𝜂D𝜉𝜂B𝜉𝜂 + BT𝜂𝜉D𝜂𝜉B𝜂𝜉

)
d𝜉d𝜂, (25)

K𝑗
e =

1

∫
−1

1

∫
−1

(
BT𝜉𝜂D𝜉𝜂B𝜉𝜂 + BT𝜂𝜉D𝜂𝜉B𝜂𝜉

)
d𝜉d𝜂, (26)

R𝑗
e =

1

∫
−1

1

∫
−1

2c𝑗
lx
BT𝜂𝜂D𝜂𝜂B𝜂𝜂d𝜉d𝜂, (27)

where

B𝜂𝜂 =
⎡⎢⎢⎣

𝜕N1
𝜕𝜂

0 𝜕N2
𝜕𝜂

0 𝜕N3

𝜕𝜂
0 𝜕N4

𝜕𝜂
0

0 𝜕N1
𝜕𝜂

0 𝜕N2
𝜕𝜂

0 𝜕N3

𝜕𝜂
0 𝜕N4

𝜕𝜂

⎤⎥⎥⎦ , (28)

B𝜂𝜉 =
⎡⎢⎢⎣

𝜕N1
𝜕𝜂

0 𝜕N2
𝜕𝜂

0 𝜕N3

𝜕𝜂
0 𝜕N4

𝜕𝜂
0

0 𝜕N1

𝜕𝜉
0 𝜕N2

𝜕𝜉
0 𝜕N3

𝜕𝜉
0 𝜕N4

𝜕𝜉

⎤⎥⎥⎦ , (29)

B𝜉𝜂 =
⎡⎢⎢⎣

𝜕N1
𝜕𝜉

0 𝜕N2
𝜕𝜉

0 𝜕N3

𝜕𝜉
0 𝜕N4

𝜕𝜉
0

0 𝜕N1

𝜕𝜂
0 𝜕N2

𝜕𝜂
0 𝜕N3

𝜕𝜂
0 𝜕N4

𝜕𝜂

⎤⎥⎥⎦ , (30)
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D𝜂𝜂 =
[
𝜇 0
0 𝜆 + 2𝜇

]
, D𝜉𝜂 =

[
0 𝜆

𝜆 0

]
, D𝜂𝜉 =

[
0 𝜇

𝜇 0

]
, (31)

andN is the matrix of shape functions,

N =
[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
, (32)

with 𝜆, 𝜇 being Lamé constants and Nis are the shape functions of bilinear elements:

Ni =
1
4
(1 − 𝜉i𝜉) (1 − 𝜂i𝜂) , i = 1, … , 4; 𝜉 and 𝜂 are natural coordinates. (33)

The reference phase velocity in the plane-strain case is calculated using the pressure wave speed as follows:

c𝑗 =
cp

cos
[
𝜋( 𝑗−1)
2n

] , n = 5, (34)

where cp =
√
E∕𝜌, E denotes the elastic modulus.

3.2 Time-stepping
In both cases, anti-plane shear and plane strain, the global equation of motion can be written in discrete form:

MiAk+1
i +KiUk+1

i + KeUk+1
e

⏟⏟⏟
only in plane-strain case

+ CeVk+1
e +ReWk+1

e = Pk+1. (35)

Since the lengths of edge PMDLs are inversely proportional to 𝜔, coupling edge absorbers to the interior domain is
conducted by the Crank-Nicolson method:

Ek+1 = Ek + Δt
2
(Ik + Ik+1), (36)

where Ek =
[
Uk
e ;Wk

e ;Vk
e
]
and Ik =

[
Vk
i ;Uk

i ;A
k
i

]
.

Substituting this expression into the equilibrium equation at time step tk+1 (Equation 35), we obtain

MAk+1
i +KUk+1

i = Pk+1, (37)

in which
M =Mi +

Δt
2
Ce, (38)

Pk+1 = Pk+1i − Ce

(
Vk
e +

Δt
2
Ak
i

)
− Re

(
Wk

e +
Δt
2
Uk
i

)
. (39)

The matrixK depends on the problem under consideration and is computed as{
K = Ki + Δt

2
Re in anti-plane shear,

K = Ki +Ke + Δt
2
Re in plane strain.

(40)

Starting from Equation (37), the Newmark method (Equations 10–14) is applied to advance the solution.

4 RABC WITH PMDLS

We now consider a semi-infinite system including regular elements and several PMDL-edge elements as shown
in Figure 2. As pointed out in Nguyen and Tassoulas,15 if PMDL-edge elements are treated as regular ones, the

8
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FIGURE 2 Reciprocal
absorbing boundary condition
(RABC) with perfectly matched
discrete layers (PMDLs)

acceleration-based reciprocity equation is still valid. The development of RABCs is thus applicable to the combination of
RABCs and PMDLs.

5 NUMERICAL EXAMPLES

In this section, we present four numerical examples to illustrate the accuracy and effectiveness of combining the RABC
with PMDLs for a circle in a full space (full plane), as shown in Figure 3. In each example, we will first apply a transient
load and then a harmonic load, both in the time domain, compute the response until a steady state is reached, and,
finally, compare with extended-mesh, time-domain calculations, and available exact solutions in the frequency domain,
first reported by Baranov19 and Novak.20

FIGURE 3 A circle of radius R in full
space subjected to traction (A) in the
vertical (axial) direction, (B) in the radial
direction, (C) in the circumferential
direction, and (D) in the horizontal
(lateral) direction. The material
properties of the surrounding full space
are taken as 𝜌 = 1, 𝜇 = 1, 𝜈 = 1∕3. For
this set of parameters, the shear and
pressure wave speeds are 1 and 2 m/s,
respectively [Colour figure can be
viewed at wileyonlinelibrary.com]

9
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FIGURE 4 Meshes used in
computations (the left one is for
the vertical and radial cases and
the right one is for the torsional
and horizontal cases), including
perfectly matched discrete layers
(PMDLs) on the bottom edge and
reciprocal absorbing boundary
condition (RABC)-PMDLs on
the right edge. Sample points at
which the response time history
will be plotted below are marked
as sp1, … , sp5 [Colour figure
can be viewed at
wileyonlinelibrary.com]

FIGURE 5 Ricker wavelet load with dominant period t0 = 1∕𝜋
(ts = 3t0 = 3∕𝜋)

Because of the (double) symmetry in the four examples, we will analyze only a quarter of the domain. The mesh is
depicted in Figure 4, including PMDLs on the bottom edge and RABC-PMDLs on the right edge. This arrangement will
be used in all examples. It is worth mentioning that in problems that lack the symmetries of the ones being considered
herein, there will be PMDLs-RABC-PMDLs extending to the left as well as to the right.
The transient load on the circle will be taken in the form of a Ricker wavelet as follows:

q(t) = a(1 − 2𝜏2)e−𝜏2 , (41)

where a = 1 (amplitude), 𝜏 = (t − ts)∕t0, t0 is the dominant period of the wavelet), and ts = 3t0 is the instance when the
load reaches its peak), t0 is taken to be 1∕𝜋 in Section 5.1 and 1∕(2𝜋) in Sections 5.2 to 5.4. The Ricker wavelet load for
t0 = 1∕𝜋 is plotted in Figure 5.

5.1 Vertical (axial) response
First, we consider the vertical response. A uniform traction q(t) is applied in the z-direction. We are interested in
computing the time-history of axial displacement w(t).
Figure 6 shows snapshots of the axial wave field at various instances (t = 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5s). We go on to

quantitatively examine the accuracy by comparing the solution at selected sample points with those generated using
an extended mesh to a distance of 6 m from the circle. By this extended mesh, in the time-interval of interest (up to
5 seconds), since the shear wave speed is cs =1 m/s, the wave motion of the interior domain is guaranteed to not be
affected by any reflections. The time-step size is chosen as 𝛥t = 0.01 s, and this value is used also in the radial case. For the
torsional and horizontal cases, the smaller size of elements requires us to adjust the time-step size. In particular, we use
𝛥t = 0.005s for these two cases. Figure 7 provides the response (displacement) time histories at sample points sp1 and

10

http://wileyonlinelibrary.com


NGUYEN AND TASSOULAS

FIGURE 6 Vertical response: Snapshots of the wave field at various instances [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 7 Vertical response:
Displacement time-histories at
sample points [Colour figure can
be viewed at
wileyonlinelibrary.com]

sp5. The performance of the RABC-PMDLs combination is, indeed, excellent. We define the relative error as

E =
||wRABC-PMDLs(x, t) −wext. mesh(x, t)||L2||wext. mesh(x, t)||L2 , (42)

where wRABC-PMDLs and wext. mesh are respectively solutions obtained by RABC-PMDLs and the extended mesh. Table 1
shows the relative error at each of the sample points. It is clear that the highest error occurs at the point sp2 and is about
1.5%, while the error at the point on the circle, sp1, is much smaller, (0.5%). At the corner point, sp5, normally, the hardest
for accuracy, the error is only 1.1%.

11
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TABLE 1 Vertical response: Relative error
at sample points between RABC-PMDLs and
extended mesh solutions

wsp1 wsp2 wsp3 wsp4 wsp5

Error 5.3413 × 10−3 1.5074 × 10−2 4.7530 × 10−3 2.5084 × 10−2 1.1020 × 10−2

Abbreviations: PMDLs, perfectly matched discrete layers; RABC, reciprocal absorbing boundary
condition.

Next, we apply a (unit) harmonic traction
q(t) = cos𝜔t (43)

and compute the response until a steady state is reached. We, then, extract the amplitude and phase (with respect to the
applied traction) of the time-domain response and compare with the frequency-domain results, which are available in
closed form. In the case under consideration, we have for the harmonic displacement of the circle:

w(a0) =
1

Sz(a0)
, (44)

where Sz is the dynamic stiffness given by

Sz(a0) =
𝜇a0
R

H(2)
1 (a0)

H(2)
0 (a0)

= 𝜇

2R
[
Sz1(a0) + iSz2(a0)

]
, (45)

with ⎧⎪⎨⎪⎩
Sz1(a0) = 2a0

J0(a0)J1(a0)+Y0(a0)Y1(a0)
J20 (a0)+Y

2
0 (a0)

,

Sz2(a0) = 4
𝜋[J20 (𝜔S)2+Y2

0 (𝜔S)] .
(46)

In the above expressions, a0 = 𝜔R∕cs is the dimensionless frequency for shear waves. J𝜈(·) and Y𝜈(·) are Bessel functions
of the first and second kinds, while H(2)

𝜈 (·) is the Hankel function of the second kind. The subscripts 𝜈 = 0, 1 of these
functions denote their orders. The amplitude of the axial displacement on the circle can then be computed as

ŵ(a0) =
1

𝜇

2R

√[
S2z1(a0) + S2z2(a0)

] , (47)

while the phase of the displacement relative to the traction is given by

𝜙(a0) = tan−1
[
Sz2(a0)
Sz1(a0)

]
. (48)

We examine the results obtained by RABC-PMDLs at steady state for three values of the dimensionless frequency
a0 = 0.1𝜋, 0.5𝜋, 1.25𝜋. In order to capture the behavior at the high frequency a0 = 1.25𝜋, we shrink the interiormesh (see
Figure 4) by a factor of 2. We let the solutions reach steady state and compare the amplitudes and phases with the exact
frequency-domain solutions. Table 2 summarizes the amplitudes and phases extracted from the time-domain solution at
the three frequencies in comparison with the exact frequency-domain results. Again, the agreement is excellent.

5.2 Radial response
Next, we apply on the circle uniform (radial) pressure q(t). The problem is axisymmetric, so the Dirichlet boundary con-
ditions v(x, y) = 0 and u(x, y) = 0 are imposed on the edges y = 0 and x = 0, respectively. First, we view the snapshots of
the wave field of the radial displacement (computed as

√
u2(x, t) + v2(x, t)). Figure 8 provides the snapshots of the radial

wave field at t = 0.8, 1, 1.2, 1.4, 1.6, 3s when the circle is excited by a Ricker wavelet radial traction with dominant period
ts = 3∕2𝜋. The transient responses at sample points are shown in Figure 9. In this case, the wave speed is cp = 2 m/s.
Theoretically, since the point sp1 is 2 m from the circle, the wave takes 1 second to arrive at this point. By the same argu-
ment, the point sp5 remains silent until 1.5 seconds as its distance form the circle is about 3 m. These facts are validated
from Figure 9. We proceed to compute the relative errors at sample points. As Table 3 shows, the smallest errors of the
radial displacement are about 0.83% and 0.82%, occurring at sp1 and sp3. The errors at other points satisfy the tolerance
normally accepted, all being less than 3%.
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Amplitudes Phases
Case Frequency a0 RABCs-PMDLs Exact RABCs-PMDLs Exact

0.1𝜋 0.9077 0.8990 0.8230 0.8288
Vertical 0.5𝜋 0.2960 0.2949 1.2940 1.2889

1.25𝜋 0.0639 0.0627 1.4489 1.4468
0.2𝜋 0.3070 0.3110 0.3367 0.3314

Radial 𝜋 0.0891 0.0892 1.5014 1.5028
1.25𝜋 0.0175 0.0172 1.5355 1.5328
0.2𝜋 0.2774 0.2771 0.2213 0.2285

Torsional 𝜋 0.1492 0.1471 1.1031 1.1033
1.25𝜋 0.0309 0.0303 1.1939 1.1934
0.2𝜋 0.4129 0.4135 1.0219 1.0174

Horizontal 𝜋 0.1025 0.1036 1.4313 1.4341
1.25𝜋 0.0218 0.0208 1.4569 1.4581

Abbreviations: PMDLs, perfectly matched discrete layers; RABCs, reciprocal absorbing boundary
conditions.

TABLE 2 Amplitudes and phases of
harmonic responses

FIGURE 8 Radial response: Snapshots of the wave field of ur at various times [Colour figure can be viewed at wileyonlinelibrary.com]

The exact harmonic solution for the dynamic radial stiffness is given by

Sr(ap, 𝜂) =
2𝜇
R

[
1 −

𝜂2ap
2

H(2)
0 (ap)

H(2)
1 (ap)

]
= Sr1(ap, 𝜂) + iSr2(ap, 𝜂), (49)

where ⎧⎪⎨⎪⎩
Sr1(ap, 𝜂) = 2𝜇

R

[
1 − 𝜂2ap

2
J0(ap)J1(ap)+Y0(ap)Y1(ap)

J21 (ap)+Y
2
1 (ap)

]
,

Sr2(ap, 𝜂) = 1
𝜋
[
J21 (ap)+Y

2
1 (ap)

] . (50)

In the above equation, ap = 𝜔R∕cp and a0 = 𝜔R∕cS are the dimensionless frequency for pressure and shear waves,
respectively, while 𝜂 denotes the ratio of the wave speeds:

𝜂 = cP∕cS =
√
2(1 − 𝜈)∕(1 − 2𝜈). (51)
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FIGURE 9 Radial response:
time-history displacements at
sample points [Colour figure can
be viewed at
wileyonlinelibrary.com]

TABLE 3 Radial response: Relative error at sample points between RABC-PMDLs and extended-mesh
solutions

usp1 vsp2 usp3 vsp4 usp5 vsp5
Error 8.3232 × 10−3 1.7350 × 10−2 8.2235 × 10−3 2.4342 × 10−2 2.7395 × 10−2 1.9242 × 10−2

Abbreviations: PMDLs, perfectly matched discrete layers; RABC, reciprocal absorbing boundary condition.

We now apply a (radial) harmonic pressure q(t) = cos𝜔t on the circle and let the response reach steady state. Three
dimensionless frequencies a0 = 0.2𝜋, 𝜋, 1.25𝜋 are chosen, representing ranges of low, medium, and high frequencies. At
the highest frequency considered, a0 = 1.25𝜋, f = 5Hz, the mesh is shrunk by a factor of 4 so that it satisfies the require-
ment of having sufficient elements per minimum wavelength. In addition, the time-step size is smaller: 𝛥t = 0.0025 s.
Excellent agreement in terms of both amplitude and phase of the harmonic responses can be observed in Table 2.

5.3 Torsional response
We proceed now to investigate the response in the circumferential direction. Specifically, the circle is now excited by a
uniform tangential traction. The arrangement of RABC and PMDLs is the same as before. On the top edge, y = 0, the
displacement in the x-direction must vanish, so the boundary condition u(x, y) = 0 is imposed. Similarly, on the left edge,
x = 0, we specify the displacement v(x, y) = 0. Snapshots of the wave field can be seen in Figure 10. The response time
histories at sample points are shown in Figure 11, while the corresponding relative errors are summarized in Table 4.
From this table, we can see that the corner point sp4 has the highest relative error, which is around 1.8%, whereas the
errors at points on the circle are very small, especially at sp1 (only 0.0225%).
The exact frequency-domain solution (dynamic torsional stiffness) is given by

S𝜃(a0) =
2𝜇
R

[
1 −

H(2)
0 (a0)

H(2)
1 (a0)

]
= 2𝜇

R
[S𝜃1(a0) + iS𝜃2(a0)] , (52)

TABLE 4 Torsional response: Relative error at sample
points between RABC-PMDLs and extended mesh solutions

vsp1 usp2 vsp3 vsp4
Error 2.2562 × 10−4 2.7008 × 10−4 3.9661 × 10−3 1.8755 × 10−2

Abbreviations: PMDLs, perfectly matched discrete layers; RABC, reciprocal absorb-
ing boundary condition.
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FIGURE 10 Torsional
response: Snapshots of the wave
field of the rotation u𝜃∕r at
various times [Colour figure can
be viewed at
wileyonlinelibrary.com]

FIGURE 11 Torsional
response: Displacement time
histories at sample points
[Colour figure can be viewed at
wileyonlinelibrary.com]

where ⎧⎪⎨⎪⎩
S𝜃1(a0) = 1 − a0

2
J0(a0)J1(a0)+Y0(a0)Y1(a0)

J21 (a0)+Y
2
1 (a0)

,

S𝜃2(a0) = 1
𝜋[J21 (a0)2+Y2

1 (a0)]
.

(53)

Again, the harmonic response is computed at three dimensionless frequencies a0 = 0.2𝜋, 𝜋, 1.25𝜋. As shown in Table 2,
the amplitude and phase of the solutions by RABC-PMDLs agree verywell with the exact solution at all three frequencies.

5.4 Horizontal response
Finally, we consider uniform horizontal traction on the circle. In this case, the Dirichlet boundary condition v(x, y) = 0 is
specified on the edges x = 0 and y = 0. Snapshots of the horizontal wave field are shown in Figure 12. In the x-direction,
the horizontal displacementu is in the direction of pressure-wavepropagation (with speed cp). In the y-direction, however,
the displacement u is perpendicular to the direction of shear-wave propagation (with speed cs). As we can observe in the
snapshot at t = 1 s, the outermost red contour in the x-direction reaches the distance 1 m from the circle. However, the
outermost red contour in the y-direction propagates to the point at only 0.5 m below the circle as, in this example, the
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FIGURE 12 Horizontal response: Snapshots of the wave field of u at various times [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 13 Horizontal response: Displacement time histories at sample points [Colour figure can be viewed at wileyonlinelibrary.com]

pressure-wave speed is twice the shear-wave speed (cp = 2cs). The observationhere is also true for the snapshots at t = 0.5 s
and t = 1.5 s. Response time-histories at sample points are plotted in Figure 13, and the relative errors are summarized
in Table 5.
The exact frequency-domain solution for the dynamic horizontal stiffness can be written as

Sx(a0) = −𝜋𝜇a20
4K1(a∗p)K1(a∗0) + a∗0K1(a

∗
p)K0(a∗0) + a∗pK0(a∗p)K1(a∗0)

a∗pK0(a∗p)K1(a∗0) + a∗0K1(a
∗
p)K0(a∗0) + a∗pa∗0K0(a

∗
p)K0(a∗0)

, (54)

where a∗0 = a0i, a∗p = api, and K𝜈(·) is themodified Bessel function of the second kind (𝜈 = 0, 1).
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usp1 usp2 usp3 vsp4
Error 3.5556 × 10−3 2.0769 × 10−3 5.3087 × 10−3 2.0250 × 10−2

Abbreviations: PMDLs, perfectly matched discrete layers; RABC, reciprocal absorb-
ing boundary condition.

TABLE 5 Horizontal response: Relative error at sample
points between RABC-PMDLs and extended mesh solutions

Table 2 summarizes the amplitudes and phases of the computed (time-domain) steady-state amplitudes and phases in
comparison with exact frequency-domain results at the three frequencies considered in all numerical examples. Excel-
lent agreement can be seen even in this most demanding case of horizontal excitation that involves both shear and
pressure waves.

6 CONCLUSIONS

Wehave presented an application of a RABCwith PMDLs to problems of wavemotion due to excitations of a circular disk
in full space. Specifically, four cases were considered, namely, vertical (axial), radial, torsional, and horizontal vibrations.
Numerical examples shown in this paper demonstrate that RABC-PMDLs coupling yields accurate solutions. The combi-
nation proposed herein is amenable to extension in three dimensions, a topic of future research on reciprocal absorbing
boundaries.
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