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Abstract

Diamondoids are cage-like structures having from one to a few unit cells of the diamond
structure and so-called nanodiamond-sized molecules. Hence, the diamondoids have rigidity
and excellent thermal stability resembling the bulk diamond. Diamondoids have been found
in traceable amounts in extractable organic matter (EOM) from source rocks and moderate
maturity oils and high concentrations in condensates as well as highly matured crude oils due
to their higher thermal stability than the non-diamondoids. Despite the abiogenic origin of
the diamondoids, stable carbon isotope ratios (13C/12C) of diamondoids have been shown
as a proxy tool to evaluate oil-oil and oil-source correlations, especially for highly matured
oils and condensates in which biomarkers such as hopanes and steranes are mostly absent
due to thermal degradation over geological time. Nevertheless, the measurement of stable
carbon isotope ratios of diamondoids by gas chromatography isotope ratio mass spectrometer
(GCIRMS) essentially requires the gas chromatographic separation of these compounds from
oils and EOM. Furthermore, despite the diamond-like structure, diamondoids have distinct
optoelectronic properties including negative electron affinity (NEA) for flat panel field-emission
displays, and the tunability of the direct band gap energy in ultraviolet (UV) wavelength.
These interesting optoelectronic properties result from the hydrogen-terminated surface and
size of diamondoids. Despite the numerous methods developed to synthesize diamondoids,
they are generally not efficient and the underlying mechanism to form diamondoids is not well
understood. Therefore, the separation of diamondoids from petroleum is highly regarded. In
our previous work, adamantane and its derivatives are successfully separated from oils by the
heat-treated version of commercial β-zeolite. However, the underlying separation mechanism
by adsorption has not been elucidated. As a result, in this thesis, the mechanism of the
separation of the diamondoids from oil by adsorption at the nanoscale is investigated using
molecular dynamics (MD) simulation. Accordingly, we have found that there is molecular
sieving to exclude diamondoids by the virgin β-zeolite model, revealing the heat treatment
of the β-zeolite leads to the lateral pore opening that enhances the adsorption of larger
cyclic alkanes while still excluding diamondoids. This is in good agreement with the previous
experimental observation. Furthermore, the adsorption dynamics studies of adamantane,
benzene, and 2,2-dimethyl hexane in activated carbon ACF-15 and graphitic slit-like pore
models show that there is the molecular sieving to exclude adamantane from the graphitic
pore of 5.5 Å while the predominant adsorption of adamantane over benzene and 2,2-dimethyl
hexane has been observed for the graphitic pore of 12 Å due to the stability of molecular
self-assembly of the adsorbed adamantane phase in this pore. At the same time, only slightly
preferential adsorption of adamantane over benzene and 2,2-dimethyl hexane has been observed
in the disordered porous carbon-like activated carbon fiber ACF-15.
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CHAPTER 1
Introduction

Carbon is one of the foremost prolific elements on earth (Atkins et al., 2010)1, and many
different nanomaterials, such as graphene, carbon nanotubes, fullerenes, and nanodiamonds
can be formed as a consequence of various hybridizations. Landa and Machacek discovered
diamondoids - the aliphatic cage-like hydrocarbons in petroleum in 1933, creating a new field
of chemistry, especially for the synthesis and characteristics of polyhedral organic molecules
(Schoell and Carlson, 1999)2. The diamondoid molecules essentially contain at least one
complete adamantane unit (Balaban and Schleyer, 1978)3, and their name was rooted in
the similar structure of the diamond crystal lattice (it is symmetrical and there is no strain).
Adamantane (C10H16) is a small hydrocarbon molecule with a tetrahedral point group of sp3

hybridized carbon atoms (Hernádez-Rojas and Calvo, 2019)4.
Diamondoids have higher thermal stability compared to alkanes that have equal molecular

weight, resulting in their significantly enhanced concentration in mature oils and condensates
(Dahl et al., 1999)5. Hence, the constant growth of diamondoid concentration in oils due
to higher thermal maturity can potentially be used to predict the occurrence, degree of
oil devastation, and the oil deadline in a specific reservoir. Diamondoids are also used in
environmental forensics and medical treatment. In particular, the corresponding abundance
of various diamondoids and their derivatives, particularly adamantane and diamantane, as
well as their high heat resistance, can be utilized to identify oil and gas resources in various
places. Diamondoids, for instance, were exploited to analyze the maturity of gas condensates
in Pakistan’s Southern Indus Basin (Nasir and Fazeelat, 2013)6. The high resistance of
diamondoids to biodegradation is useful for the identification of the source of oil spills (Mansuy
et al., 19977; Lengger et al., 20138). More recently stable carbon isotope (13C/12C) ratios of
lower diamondoids have been utilized as a reliable tool for high mature oil-oil and oil-source
rock correlations. Diamondoids are also gaining popularity in other prospective applications.
Because of the fluorescence brightness, methylated adamantanes were discovered to be
suitable candidates for optical and electrical applications (able to customize fluorescent and
electronic properties of nanomaterials) (Rander et al., 2017)9. Diamondoid molecules with a
hydrogen-terminated surface having a Negative Electron Affinity (NEA) property facilitate the
accumulation and stimulated emission of the excited electrons from the metal to the vacuum.
In this regard, the NEA property of diamondoids is used to make the electron-emitting device
or electron gun. In addition, the lowest unoccupied molecular orbital (LUMO) energy level
varies in the size of the nano-diamondoid molecule while the highest occupied molecular orbital
(HOMO) energy level is insensitive. This enables tuning the bandgap energy of diamondoids,
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Figure 1.1: An illustration of carbon nanostructures generated as a result of various hybridiza-
tions of C, sp1, sp2, and sp3

Figure 1.2: Structures of lower and higher diamondoids particle
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which is one of the key optical parameters. Some alkyl adamantanes are regarded as possible
diesel enhancers because of their higher density and higher cetane characteristics (Harvey et al.,
2016)10. Adamantane is also used as a standard for chemical shift reference in solid-state NMR
spectroscopy (Morcombe et al., 2003)11. Adamantane derivatives are employed in medical
applications due to their non-toxicity. Amantadine, for example, is an antiviral medicine used
to cure many species of flu (Maugh, T., 1979)12 and treat Parkinson’s disease (Sonnberg, L.,
2003)13, and polymers of adamantane have been approved as antiviral agents against HIV
(Boukrinskaia, A. G., et al., 2009)14.

For the extraordinary properties of diamondoid molecules, the first attempt to artificially
synthesized adamantane was in 1941 by Prelog and Seiwerth15 but the result was not going
as expected until there were several approaches promoted in the 1950s and 1960s. One of
the most typical methods to construct lower diamondoids was the process of carbocation
rearrangement (organic synthesis method). For the case of adamantane, the process initially
hydrogenates cyclopentadiene to tetrahydrodicyclopentadiene with the catalysts of platinum
dioxide (PtO2) and diethyl ether (Et2O), followed by the formation of adamantane after
rearranging tetrahydrodicyclopentadiene with a strong Lewis acid (AlCl3) as shown in Figure
1.3.

Figure 1.3: Schematic of adamantane synthesis

Until the early 1980s, higher diamondoids were successfully synthesized after numerous
efforts to overcome the scarcity of adequate forerunners and catalysts including the constantly
expanding number of potential isomers, the trapping of intermediates in minimal local energy,
and the creation of undesired side products. Nevertheless, the progress was still very complicated
and inefficient.

Micro-plasmas, which apply electric spark and pulsed laser plasmas (PLP) generated in
supercritical fluids (SCFs) at high pressure, were alternative methods to build up diamondoids.
In the former method, the reactor was made up of merged silica tubes whose inner and outer
nominal diameters (ND) of 700 and 850 µm, respectively, which acted as fluidic routes and
dielectric boundaries. Two electrodes are separated by a dielectric barrier in the electrode
geometry. The outer, ground electrode in this example was made of an indium tin oxide (ITO)
fine sheet. The high-voltage electrode was a tungsten film (with ND of 500 µm) placed into
the capillary. The fluid temperature in the micro-capillary reactors was modified by subjoining
the capillary and altering the temperature of the shield ranging from 279.2 - 284.8 K, which
corresponds to the interval of the reduced temperature T/Tcrit = 0.964 - 0.983 for xenon
(Tcrit = 289.75 K, pcrit = 5.84 MPa). A minor product of adamantane (24.8 ± 0.4 mg) was
added to the fluid as a catalyst before injecting high-pressure xenon (5.83 - 5.99 MPa; p/pcrit
= 0.998 - 1.026) through the cell. Syringe pumps are frequently used to modify pressure
values because they allow for pressure control while also obtaining suitable flow rates for
micro-reactor systems. In particular, the use of a syringe pump in a continuous-flow process
achieves 0.05, 0.1, and 0.5 ml/min flow rates that result in reaction periods of 100, 50, and 10
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min, respectively. The discharges were caused by a sine HV signal. A 10 kHz and 3.95–6.02
kVp-p (peak-to-peak) sine signal flux were employed to achieve the plasma.

Figure 1.4: Process flow diagram of electric discharge in SCFs to synthesize diamondoids

However, the aforementioned methods do not consistently generate the products between
higher or lower diamondoids. This is due to the fact that only diamondoids having stable
energy can get through the reaction. For instance, most tetramantanes failed to develop into
pentamantanes, whereas pentamantanes were not likely to generate tetramantanes.

Since the 1960s, with the introduction of Ruby lasers, the latter method using plasma that
is induced by irradiation mechanism has been applied. In the 2010 - 2011 period, Nakahara et
al.,16,17 employed pulsed laser ablation (PLA) in supercritical CO2 (scCO2) for the synthesis
of diamondoids. Particularly, a 3 mL high-pressure cell (Figure 1.5) and a highly oriented
pyrolytic graphite (HOPG) target were put in a high-pressure cell of the batch model (with 3
cm3 of inner volume). Over 99% purified adamantane was decomposed in scCO2 with and
without cyclohexane used as a solvent. The concentrated CO2 was created by condensing the
CO2 gas with a purity larger than 99.995% in a distillation loop and subsequently placed it
into the inner cell after chilled by liquid nitrogen. The HOPG targets in both scXe and scCO2
were ablated with a second-harmonic neodymium-doped yttrium aluminum garnet (Nd:YAG)
laser (with λ = 532 nm). Maximum fluence about 18 J.cm-2 was generated on the exterior
of the HOPG target by 7 mJ maximum energy for each pulse and its bandwidth and repeat
rate were 7 ns and 10 Hz, respectively. The ablation experiments lasted for 60 minutes. The
gas effluent from the cell after the reaction is guided through a trap containing 10 mL of
cyclohexane from which the diamondoid products were collected.

The major drawback of the above plasmas approach is the requirement of specific high-
pressure equipment. Therefore, an alternative method using atmospheric pressure micro-plasma
reactors was developed.
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Figure 1.5: Side view of the high-pressure cell

Figure 1.6: (a) Three-dimension of a micro-reactors. (b) Cross area of a single micro-reactor
channel.

The main improvement was dielectric barrier discharge (DBD) plasma micro-reactors
with a steady flow at atmospheric pressure that involves the utilization of methane (CH4)
and hydrogen (H2) to ordinary chemical vapor deposition (CVD) (Bachmann et al., 1991)18

together with adamantane as a seed and catalyst. A 10 kHz frequency and peak-to-peak
voltages among 3.2 - 4.3 kVp-p were applied during the experiments for 120 - 240 minutes. A
trap stored with cyclohexane was first used to collect the gas and the synthesized diamondoids,
then products were gathered by a solid phase removal filter. The cyclohexane was pumped
through the entire system to flush the tubes and the micro-reactor after the experiment. It was
the same with the solid-phase extraction filter but in a separate process and the solutions were
then collected. To enhance the density of the outputs, the cyclohexane was vaporized on an
85°C plate before resolving the products with 1 mL of cyclohexane. Gas chromatography-mass
spectrometry (GC-MS) was used to characterize the gathered materials. In conjunction with
total ion chromatograms (TICs), selected ion monitoring (SIM) chromatograms relating to
diamondoids’ molecular masses in the mass-to-charge (m/z) range of 136 - 600, as well as
those of potential chemical intermediates up to m/z 300, were obtained. The retention periods
of peaks in the TIC and SIM figures were examined in comparison with those of diamondoids
and derivatives separated from crude oil together with comparing the new mass spectra data to
the reference one (NIST/EPA/NIH Mass Spectral Library (EI), 2012) to identify the possibility
of chemical intermediates (Liang et al., 2012)19. The outcomes demonstrated that there was
an ability to synthesize diamondoids at atmosphere pressure but with lower efficiency than
earlier approaches conducted with high-pressure conditions and SCFs.

To increase the productivity of getting diamondoids and derivatives, it is critical to
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developing methods for isolating and separating diamondoids found in petroleum and extractable
organic matter (EOM). Dahl et al.20 presented an approach to decompose non-diamondoids at
high temperatures from condensates containing higher diamondoid distillate fractions, followed
by reverse-phase liquid chromatography and then separated the higher diamondoids using
distillation with acetone. Although this method allows for the pyrolysis of non-diamondoids, it
does not guarantee that the high-order diamondoids are not destroyed throughout the process
(Nguyen and Philp, 2016)21. He et al.22 proposed a new approach for CSIA analysis using
a modified molecular sieve to get lower diamondoids from crude oils and rock extractable
organic matter (EOM) (2012). Nevertheless, the isolation mechanism has not been well
understood (Nguyen and Philp, 2016)21. In 2011, Huang et al.23 described a saturated
fractions chromatography process that relies on the adsorption-desorption separation by
molecular distinguishing with β-cyclodextrin. The method was demonstrated to be efficient
providing the oils had a sufficient high quantity of diamondoids relative to non-diamondoids,
such as cycloalkanes. Nevertheless, it was not assured that the approach would operate equally
well with oils that commonly contain a low concentration of diamondoids in coexistence with
the dominating non-diamondoids. More recently, the lower diamondoids were successfully
separated from oils using the commercial β-zeolite with the appropriate heat treatment
condition (Nguyen and Philp, 2016)21.

Figure 1.7: Schematic two-segment column for diamondoid separation
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Figure 1.8: GC trace of adamantane and methylated derivatives separated from sample OM1
using two-segment column (HT-CP814 E°)

Hence, a good understanding of the molecular sieving effect is essentially crucial to
achieving the rational design of molecular sieving membranes for diamondoid separation. In
this regard, (Jime´nez-Cruz and Garcı´a-Gutie´rrez, 2020)24 determined critical molecular
dimensions of the adamantane, diamantane, and their methyl derivatives in the two-dimensional
pore models using the quantum mechanical modeling. Despite the importance of the critical
molecular dimensions and shape, they will not enable to capture faithfully the dynamics of
the molecular sieving effect due to less well-defined molecular geometry at the nanoscale as
well as the importance of molecular alignment at pore entry and inside pore body. Hence,
the molecular dynamics (MD) simulation method is well-suited to elucidate the underlying
mechanism of the mixture adsorption separation including the molecular sieving effect.

In this thesis, the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)25

was used to simulate the adsorption dynamics of the lower-diamondoids in the mixture of
benzene and 2,2-dimethyl hexane (22DMC6) in the adsorbent models (activated carbons
and β-zeolite). To capture the molecular sieving effect, benzene and 22DMC6 were selected
to represent typical aromatic compounds and iso-alkane in the light hydrocarbon fraction
(C4-C7) of oils that contain mainly the lower diamondoids. The exclusion of the diamondoids
by the β-zeolite is indicative of preferential adsorption of the non-diamondoids (aromatics,
cycloalkanes, and iso-alkanes) (Nguyen and Philp, 2016)21. Hence, the 22DMC4 (or 22DMC5,
22DMC6) with a quaternary carbon atom bonded to four other carbon atoms is expected
to have the largest steric hindrance to pore entrance. Interpretation of the molecular sieving
effect was conducted based on the MD simulated self-diffusion coefficients and the simulated
snapshots obtained by the visual molecular dynamics (VMD) package26.
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CHAPTER 2
Methodologies and materials

2.1 Molecular dynamics simulation principle
Molecular Dynamics (MD) simulation is an approach for predicting the phase equilibria,

transport phenomena, and coexistence properties of an N-particle system by numerically
generating Newtonian motion equation27. In particular, all particles in the system have their
initial locations and velocities assigned at the start of the simulation. The Maxwell-Boltzmann
distribution27 is employed to specify the initial particle velocities. The forces, coordinates, and
velocities of atoms are determined at each time step, under a specific interatomic potential
model, with the applied periodic boundary condition (PBC).

The force F⃗i acting on each atom based on the Newtonian second law is calculated as
follows:

F⃗i = −mia⃗i = −mi
d2r⃗i

dt2
= −∇iU(r⃗1, r⃗2, . . . , r⃗N)

where mi, a⃗i, and U(r) are are the mass, acceleration, and potential energy of the ith
particle, with i=1,. . . , N.

For pairwise additivity of the potential assumed, the interatomic potential U(r) is given
as:

U(r) = 1
2

N∑
j ̸=i

u(rij) (2.1)

where u(r) is the pair interaction potential.

After obtaining the atomic forces F⃗i at the current time step, new coordinates and
velocities at the next time step are predicted using Velocity-Verlet (VV) integrator. The VV
algorithm can be summarized with the following steps

Step 1: Predict the new atomic positions r⃗i(t+ ∆t) at the time t+ ∆t from the current
atomic velocities v⃗i(t), positions r⃗i(t), and forces F⃗i(t)

r⃗i(t+ ∆t) = r⃗i(t) + v⃗i(t)∆t+ 1
2
F⃗i(t)
mi

∆t2 (2.2)

8



2.2. Force filed

Step2: Update the current atomic velocities at an intermediate time step (t+ ∆t/2)

v⃗i(t+ ∆t
2 ) = v⃗i(t) + 1

2
F⃗i(t)
mi

∆t (2.3)

Step3: Compute the new atomic forces F⃗i(t+ ∆t) at the time (t+ ∆t) from new atomic
coordinates r⃗i(t+ ∆t) obtained at the step 1:

F⃗i(t+ ∆t) = −∇⃗iU(r⃗i(t+ ∆t)) (2.4)

Step4: Update the new atomic velocities at the time (t+ ∆t):

vi(t+ ∆t) = vi

(
t+ ∆t

2

)
+ 1

2
Fi(t+ ∆t)

mi

∆t (2.5)

2.2 Force filed
There are two main ways to calculate energy: quantum-mechanics (QM) based methods

to calculate the electronic structure of a molecule using molecular orbital (MO) theory, and
molecular mechanics (MM) based methods or force field methods based on empirical potential
energy functions27. Despite the high predictive accuracy of the QM approach, which normally
requires extensive computation demand, the empirical force field method is more commonly
used, especially the complex models that are impractical to be analyzed by the QM approach.
In the force field approach, the potential energy is determined from different elements of the
bonded and non-bonded forces in the structure.

The simplest form of potential to represent intermolecular interaction within the molecules
is called atom-atom potential, and is written as

U(r) =
Na∑
i=1

Nb∑
j=1

ϕij(rbj − rai) + Velect (2.6)

where ϕij is a potential function appropriate for the types of atoms i and j, rai is the
position of the ith atom on molecule a, rbj is the position of the jth atom on molecule b,
and Velect is the electrostatic energy between the molecules. A simple form for ϕij is given by
Lennard Jones (LJ) potential:

ϕij(r) = 4ϵij

(σij

rij

)12

−
(
σij

rij

)6
 (2.7)

where σij, ϵij, and rij are Lennard-Jones cross-collision diameter, cross-well depth, and
distance between the interacting sites, respectively, for the pair atoms i and j.

Lorentz-Berthelot combining rules are used for the interaction parameter between unlike
pairs:

σij = 1
2(σii + σjj) (2.8)

ϵij = (ϵiiϵjj)
1
2 (2.9)

9



2.2. Force filed

Coulomb’s law between any two charges qi and qj is used to demonstrate the electrostatic
interaction energy between the non-bonded atoms in the system as follows:

Velect =
Na∑
i=1

Nb∑
j=1

qiqj

4πϵ0rij

(2.10)

where there are Na(Nb) charges on molecule a(b), qi is the charge on the ith charge on
molecule a, and qj is the charge of the jth atom on molecule b.

Bond stretching, valence angle bending, dihedral angle bending, and improper angle
bending are the four primary types of intramolecular energy expressions that illustrate the
interaction between pairs of bonded atoms.

Figure 2.1: Bond distances and angles in intramolecular potentials

Consider the bond between atoms i and j in the Figure 2.1. The instantaneous length of
that bond is rij = |rij|, while its equilibrium length is denoted as rij,0. The energy of a bond
can be written as

U(rij) = kij

2 (rij − rij,0)2 + gij

2 (rij − rij,0)3 + hij

2 (rij − rij,0)4 + · · · (2.11)

where kij , gij , and hij are the force constants of the bond. In the harmonic approximation,
the energy of a bond is simplified to the first term in the equation above with the rij,0 denote
the equilibrium bond length.

Hooke’s law (also known as harmonic potential) is frequently used to describe angle
variations from their equilibrium values

U(θ) = kijk

2 (θijk − θijk,0)2 (2.12)

Where θijk,0 is the equilibrium angle and kijk is the force constant.
The dihedral angle ϕ, also called torsional angle, is defined as the angle between the

normal to the planes containing atoms j ik and ikm in Figure 2.1. The torsional energy associated
with non-bonded interactions between atoms separated by three bonds (1,4 interactions) can
be written as a Fourier series for each dihedral angle:

V (ϕ) = V1

2 [1 + cos(ϕ+ f1)] + V2

2 [1 − cos(2ϕ+ f2)] + V3

2 [1 + cos(3ϕ+ f3)] (2.13)
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2.3. Molecular dynamics analysis

where the parameter V1(2,3) is called barrier height, f1(2,3) are the phase factors that
determine the location where the torsional angle value reaches the minimum.

The inversion angle ψ is a so-called improper torsion angle that describes the energy
associated with the arrangement of three atoms around a central one. ψ is the angle between
the bond vector rim and the plane containing the other three atoms (or out-of-plane angle
bending). Harmonic potential as well as planar potentials are typically used to represent the
energy of this motion:

U(Ψijkm) = A cos(Ψijkm + δ) (2.14)

However, in this study, this type of energy is not taken into account to make the simulation
simpler.

There is a more applicable method that can describe the phase behavior of hydrocarbons
and related compounds especially branched alkanes called the united-atom or coarse-grained
model. In this model, for example, the hydrogens on a methyl group are combined with the
carbon atom and the –CH3 unit is represented by a single center of force as in the figure below.
This model will reduce the number of interacting particles in the methyl group from 4 to 1,
with a proportional decrease in the computational burden. This approximation introduces
additional inaccuracy, but the gain in speed due to the fewer interactions allows for the study
of such complex systems.

Figure 2.2: Coarse-grained potential illustration. (a) A methyl group (-CH3) is simplified as
a single point of interaction. (b) A united-atom potential of the atoms in a small chain.

2.3 Molecular dynamics analysis
2.3.1 Means square displacement (MSD)

The tendency of approaching the equilibrium state of matter by moving to eliminate
spatial diversity in the composition is called diffusion28. Brownian molecular motion (self-
diffusion or random walk) is a rapid and random movement. It is described by the time
dependence of concentration distribution or the MSD of diffusants. As the result of statistical
physics, Einstein’s relation shows that MSD is related to the diffusion coefficient:

⟨r2(t)⟩ = 6Dt (2.15)
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2.3. Molecular dynamics analysis

And the macroscopic law that describes diffusion is known as Fick’s first law:

J = −D∂c

∂z
(2.16)

where J is the diffusive flux, D is the self-diffusivity (or diffusion coefficient), and c is
the concentration. A detailed interpretation of the formulas is shown in Appendix A. The
self-diffusion coefficient Ds indicates atomic flexibility. The higher the value of Ds, the faster
substances bypass adsorbents. In other words, the ratio between self-diffusion coefficients
reveals the selectivity of adsorbates by the adsorbent. After collecting the MD trajectories
including positions (ri(t)) and velocities (vi(t)) of all particles in the system at different times,
for each particle in the timeline, the MSD data is then measured using the first MD trajectory
as follows:

⟨r2
1(∆t)⟩ = 1

Ntime

Ntime∑
i=1

(r1(t0 + i∆t) − r1(t0))2 (2.17)

Then the average distance of an N-particle system is calculated as:

⟨r2(τ)⟩ = 1
Nparticle

1
Ntime

Nparticle∑
i=1

Ntime∑
j=1

(ri(t0 + τ) − ri(t0))2 (2.18)

With τ = i∆t

Finally, Ds is measured by fitting the linear curve of MSD vs time with Einstein’s relation.

2.3.2 Velocity autocorrelation function
In the second approach, the diffusion coefficient Ds is measured through velocity autocor-

relation function (VACF), which is directly calculated from MD time-dependent velocity as
follows28:

∆r(t) =
∫ t

0
v(t′) dt′ (2.19)

After detailed integration and combination in Appendix B, we get

D =
∫ ∞

0
dτ⟨vx(τ)vx(0)⟩ (2.20)

With the same format to calculate D as MSD but using the second MD trajectory – velocity
vi(t) yields:

D = 1
Nparticle

1
Ntime

Nparticle∑
i=1

Ntime∑
i=1

(vi(t0 + τ) · vi(t0)) (2.21)

2.3.3 Radial distribution function
The radial distribution function (RDF) evaluates the probability of locating a molecule at

a distance r from a centered molecule, therefore, it is very helpful to determine the structure
of materials. As a consequence, RDF is simply the ratio of local density to bulk density of
material29. Accordingly, simulated RDF is determined from a set of equilibrium microscopic
configurations

g(r) =
∑M

k=1 Nk(r,∆r)
M
(

1
2N

)
ρV (r,∆r)

(2.22)
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2.3. Molecular dynamics analysis

where the outcome of the counting operation (C.9) at time tk in the run is denoted by
Nk (also determined as the number of particles within the spherical shell, M is the number
of cells, ∆r is the shell thickness. ρ is the bulk density of the substance. V (r,∆r) is the
spherical volume. g(r) = 0 when the separation is less than about one diameter value of
an atom and g(r) = 1 if the separation in the fluid is too large to have the changing in the
position of two atoms.

g(r) is a sequence of δ-symbols for atoms fixed onto the sites of typical crystalline
patterns such as face-centered cubic (fcc), body-centered cubic (bcc), and hexagonal closest
packed (hcp). The g(r) plot differences allow us to discriminate between these two structures;
for instance, the fcc lattice has fewer atomic clusters separated by

√
2 but more pairs separated

by
√

3 than the simple cubic lattice. Because typical crystalline solids have a structure that
repeats itself on a regular basis, the one-dimension quantity g(r) is adequate for distinguishing
between distinct three-dimension architectures.

Figure 2.3: (a) Structure of a close-packed fcc lattice computed for 108 atoms and periodic
boundary conditions. (b) Structure of a close-packed simple cubic lattice computed for 125
atoms and periodic boundary conditions.

g(r) behaves substantially differently in crystalline solids than it does in low-density gases.
Atoms interact with one another in a gas mostly by binary collisions, and no more than weak
local structures develop around any given atom. The low-density limit of g(r) is provided by

lim
ρ→0

g(r) = exp
[
−u(r)
kT

]
(2.23)
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2.4. Materials

where u(r) is the bonded interaction energy function. The plot of this low-density limit
is shown below

Figure 2.4: Radial distribution function for gas and liquid phases of the Lennard-Jones fluid

The plot of g(r) in liquids and amorphous solids is midway between that of a crystalline
solid and a gas; liquids display short-range arrangement comparable to that of a crystal but
long-range disarrangement similar to that of gases. Due to the different performances of g(r)
based on the state of each material, it can be another indicator to evaluate the selectivity of
adsorbents. The data relating to each adsorbate, which is close to the gas phase, show less
time it travels in the adsorbent. This suggests a strategy to capture the substance based on
its time travel.

2.4 Materials
2.4.1 Adsorbents
a. Graphitic Slit-like Pore Configuration

The configuration of graphene is created from its unit cell, as shown in Figure 2.5. Then
it is used for building up a graphitic slit-pore model, as depicted in Figure 2.6. In this study,
the graphitic pore walls comprise four graphene layers with an interlayer spacing distance of
0.335 nm as the periodic boundary condition is applied. The unit cell of the graphitic pore
walls contains 1344 atoms with dimensions of 2.93 nm x 2.96 nm x H in. H in is the internal
pore width and is defined as

Hin = Hcc − σc (2.24)

where σC = 3.4 Å, ϵC = 28 K, qC= 0 and HCC is physical pore width measured from
carbon center to carbon center.

14



2.4. Materials

(a) (b)

Figure 2.5: Unit cell and construction of graphene model

(a) (b)

Figure 2.6: Configuration of graphitic slit-pore model

b. Realistic Porous Carbon Structure (the activated carbon fiber ACF-15)

Despite the ideal slit-pore structure is widely accepted to represent the micro-model of
porous carbons, it does not truly capture the real adsorption behavior in equilibrium and
dynamics state in nano-porous carbons due to its lack of the curvature of defective carbon
surfaces as well as disregard of the pore network accessibility which involves in the retardation
or hindrance of adsorbate molecules to enter molecularly restricted pore entrances formed from
the curved carbon surfaces. Furthermore, the irregular shape of pore bodies with the complex
potential landscape induces very different adsorption behaviors from those in the graphitic
pores. In our previous works (Nguyen et al., 2008)30, the distinct adsorption behaviors were
shown for common gases (Ar, N2, CH4, CO2), and water using the realistic carbon design of
activated carbon fiber ACF-15. The ACF-15 model was previously built using Hybrid Reverse
Monte Carlo (HRMC) approach (Nguyen and Bhatia, 2011)31. In this study, the realistic
carbon structure of ACF-15 is used to examine the adsorption equilibrium and dynamics
of lower diamondoids and other hydrocarbons (isoalkanes and benzene) in comparison with
those in the graphitic slit-pore structure. The study aims to assist in seeking the rational
microstructure of nanoporous materials for the separation task of diamondoids from oils. In
general, the HRMC model of ACF-15 contains a periodic unit cell of 1166 carbon atoms
together with four zones (1, 2, 3, and 4) corresponding to four pore size ranges (6.8-8 Å,
8.9-10.4 Å, 11.4-12.4 Å, and 12.9-13.9 Å, respectively)31, and its unit cell measurements are
2.95 nm x 2.98 nm x 3.02 nm30. The unit cell of the HRMC model of ACF-15 and its pore
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size distributions are reproduced in Figure 2.7.

Figure 2.7: Snapshot of ACF-15

Subsequently, the HRMC model is placed in a larger cubic box to form a new unit cell that
can accommodate fluids outside the solid carbon structure. The newly constructed unit cell
enables to investigate the pore accessibility of fluid atoms to the solid carbon structure during
MD simulations. The ACF-15 configuration is considered to be rigid. The Lennard Jones
(LJ) potential was used to represent the carbon atoms with fluid atoms. LJ parameters for
the carbon-carbon interactions are taken from Nguyen et al.30 with σC = 3.4 Å, ϵC = 36 K,
qC = 0.

c. β-zeolite

(a) (b)

Figure 2.8: Structure of β-zeolite. (a) The unit cell of beta polymorph A. (b) Supercell of
β-zeolite.

In this thesis, polymorph A, whose unit cell is tetragonal with lattice constants of 12.66 Åx
12.66 Åx 26.41 Å, was selected to obtain the β-zeolite structural model. Particularly, the CIF

16



2.4. Materials

file of the polymorph A was taken from the Database of Zeolite Structure website32 as shown
in Figure 2.8a. Subsequently, we modified the CIF file using the VESTA software33 to generate
the PDB file of the unit cell. Then this PDB file was used to create the corresponding PSF file
by Visual Molecular Dynamics (VMD) software package. The PSF file is the protein structure
file that contains the atomic connectivity information (e.g. bond lengths and bond angles) and
atomic charges while the PDB file is the protein data bank file that contains atomic coordinates.
Eventually, the unit cell was further replicated to construct the supercell with dimensions of
50.664 Åx 50.664 Åx 52.812 Å, as depicted in Figure 2.8b. The final atomic configuration of
zeolite beta contains 4096 Si atoms and 7264 O atoms. The zeolite model is assumed to be
rigid. Charges of Si and O atoms are taken from Coulombic point-charge interaction between
partially charged atoms on the zeolite and partially charged of guest molecules (V.T. Nguyen
et al., 2014)34. LJ potential is utilized to represent the interatomic interaction strength among
the O atoms and O atoms with fluid atoms. LJ parameters (well-depth ε and collision diameter
σ) for the O-O interaction is taken from that of FAU zeolites (σO = 3.0 Å, εO = 93.53 K,
σH = 0 Å, εH = 0 K, qSi = 1.6, and qO = −0.8) (Di Lella A. et al., 2006)35.

2.4.2 Adsorbates
a. Diamondoids

Cartesian carbon coordinates of adamantane and diamantane are first generated in the
xyz files using the unit cell of the diamond structure. Subsequently, hydrogen atoms are added
to the carbon model of adamantane and diamantane to obtain their all-atom structure of
adamantane containing both hydrogen and carbon atoms. This step was carried out using
the Open Babel program36 to generate the xyz coordinate files with the atomic connectivity
information. The xyz files of adamantane and diamantane were processed using the VMD
software to generate the pairs of PSF and PDB files of the diamondoid models. The partial
charges on the carbon atoms are assigned to obtain neutral molecules, where the charge of the
attached hydrogen atom is +0.1 (W. L. Jorgensen et al., 1996)37. The unit cell of adamantane
has 10 carbon atoms and 16 hydrogen atoms with the dimensions of 0.6967 nm x 0.6967 nm
x 0.6967 nm. And the diamantine unit cell has 14 carbon atoms and 20 hydrogen atoms with
the dimensions of 0.7858 nm x 0.7858 nm x 0.7858 nm. The unit cells are presented in the
following figures

(a) Structure of adamantane (b) Structure of diamantane

Figure 2.9: Structure of lower diamondoids

The tables below provide more information on the noncovalent potential energy parameters
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and the LJ properties between sp3 carbon and hydrogen atoms, which are extracted from the
well-known OPLS force field (W. L. Jorgensen et al., 1996)37. The equivalent values for C-H
interactions are provided by Lorentz-Berthelot combination rules. And the partial charge was
mentioned above.

Table 2.1: Non-bonded interaction energy parameters of diamondoids

General parameters σ (Å) ϵ (kcal/mol)
C, Adamantane1 3.5 0.066
C, Adamantane2 3.4 0.1094
H, Adamantane1 2.5 0.033
H, Adamantane2 2.649 0.0158

where 1 is for the first model of adamantane, methyl adamantane, and 1,3-dimethyl
adamantane, and 2 is for the second model of adamantane

Table 2.2: Bonded interaction energy parameters of diamondoids

Bond beq (Å) kb/kB (K)
C - C 1.529 268
C - H 1.09 340
Angle θ0 (◦) kθ/kB (K)

C- C- C 112.7 58.35
C- C- H 110.7 37.50
H- C- H 107.8 33.00
Dihedral V0/kB

(kcal/mol)
V1/kB

(kcal/mol)
V2/kB

(kcal/mol)
V3/kB

(kcal/mol)
C- C- C- C1 0 0.870 0.0785 0.1395
C- C- C- H1 0 0 0 0.183
H- C- C- H1 0 0 0 0.159

1 is for methyl adamantane and 1,3-dimethyl adamantane

b. 2,2-dimethyl hexane (22DMC6)

The atomic model of the 22DMC6 alkane was constructed using Molecular Mechanical
Force Field (MMFF) Toolkit website38. In particular, MMFF Toolkit provides the tools to
sketch the 2D-molecule structure of a molecule and generate the 3D-molecular structure in a
mol2 file from its sketched 2D-atomic structure. Subsequently, the mol2 file is converted to
the pair of PSF and PDB files of the alkane model using the VMD software.

The non-bonded energy between interaction sites, represented by a united-atom force
field, is described by LJ parameters in linear alkanes NERD models (Nath et al., 199839; Nath
and de Pablo, 200040). The LJ and intramolecular potential energy parameters for bare carbon
atom is developed in branched alkanes NERD force field (S. K. Nath and R. Khare, 200141)
as tables below:
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(a) (b)

Figure 2.10: Structure of 22DMC6

Table 2.3: Non-bonded interaction energy parameters of alkanes

General parameters σ (Å) ϵ/kB (K)
CH3 (C3B) 3.91 104
CH2 (C2A) 3.93 45.8
C (C0A) 3.91 17

CH3 (C3A) 3.87 74.5

Table 2.4: Bonded interaction energy parameters of alkanes

Bond stretching energy beq (Å) kb/kB (K)
CHx - CHy 1.54 96500

Angle bending energy θ0 (◦) kθ/kB (K)
CHx - (CH2)- CHy 114 62500
CHx - (C) - CHy 109.47 62500

Dihedral bending energy V0/kB (K) V1/kB (K) V2/kB (K) V3/kB (K)
CHx - (CH2) - (CH2) - CHy

1 0 355.4 -68.19 791.32
CHx - (CH2) - (C) - CHy

1 0 0 0 1635.7

c. Benzene

The pair of PSF and PDB files of the benzene structure was generated with the same
method used to obtain that of 22DMC6.

The Coulomb plus Lennard-Jones format is employed to describe the intermolecular
interactions. LJ parameters and charge variables are collected as a result of Monte Carlo
simulation for liquid benzene developed by American Petroleum Institute Research Project 44,
195342. There are five parameters for benzene: ε and σ for carbon and hydrogen, and one
charge variable since qC = -qH = 0.115. The resultant parameters are detailed in the tables
below:
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Figure 2.11: Structure of benzene

Table 2.5: Non-bonded interaction energy parameters of benzenes

General parameters σ (Å) ϵ (K)
C, Benzene 3.55 0.07
H, Benzene 2.42 0.03

Table 2.6: Bonded interaction energy parameters of benzenes

Bond type beq (Å) kb/kB (K)
C - C 1.40 600
C - H 1.09 400

Angle type θ0 (°) kθ/kB (K)
C- C- C 120 35
C- C- H 120 35
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CHAPTER 3
Results and discussion

3.1 Adsorbtion dynamics in β-zeolite
Adsorption dynamics of pure hydrocarbons (adamantane (ADA), benzene (BZN), 2,2-

dimethyl hexane (ALK)) and their mixture in β-zeolite (BEA) are analyzed using Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS). For the study of separating
lower diamondoids from oils, the hydrocarbon mixture simply represents the synthetic light oil
fraction whose main compound groups are lower diamondoids, cyclic compounds, and isoalkanes
presumably represented by adamantane, benzene, and 2,2-dimethyl hexane, respectively. ADA
is a cage-like molecule with spatial molecular symmetry and the smallest member of the
diamondoids family, BZN is a two-dimensional molecule with planar molecular symmetry while
ALK is a non-symmetrical molecule whose head is the largest among alkanes. For molecular
dynamics (MD) simulations, force fields of ADA, BZN, and ALK are presented in Tables 2.1
to 2.6.

(a) (b) (c)

Figure 3.1: Investigation on adsorption accessibility of the synthetic oil to β-zeolite adsorbent.
(a) MD initial configuration of the synthetic oil in β-zeolite. (b) MD initial configuration
does not contain the synthetic oil in β-zeolite. (c) MD snapshot of the hydrocarbons inside
β-zeolite after 3ns run.

For the MD simulation study of pore accessibility of the synthetic oil fraction to β-zeolite,
we place 369 ADA molecules, 394 BZN molecules, and 393 ALK molecules on a lattice around
the β-zeolite supercell to create the simulated MD unit cell as illustrated in Figure 3-1a.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.2: Investigation on adsorption accessibility of pure hydrocarbon to β-zeolite adsorbent.
(c) MD Initial configuration of alkane in β-zeolite. (d) MD snapshot of alkane in β-zeolite.
(e) MD Initial configuration of benzene in β-zeolite. (f) MD snapshot of benzene in β-zeolite.

Accordingly, there is no hydrocarbon molecule inside the solid supercell, which was cut from its
adjacent domains of the simulated unit cell, as presented in Figure 3-1b. This MD simulation
setting can be viewed as the synthetic oil in the grain boundaries entering the β-zeolite
grain structures. In this regard, the adsorption of the oil inside the boundaries is presumably

22



3.1. Adsorbtion dynamics in β-zeolite

negligible. The MD simulation run in the canonical NVT ensemble was performed at 298
K and at the time step of 1fs for at least 3 ns using the LAMMPS simulator. Accordingly,
the number of atoms (N), temperature (T), and simulated volume (V) are kept unchanged
during the simulation. The temperature was fixed by the Langevin thermostat. The periodic
boundary condition and the cut-off distance of 10 Å for non-bonded interaction potentials are
also applied during the simulation.

For the clear vision of hydrocarbons accessible to pores in the β-zeolite structure, the
solid domain containing adsorbed hydrocarbons was extracted from the adjacent domains and
is presented in Figure 3.1c, which depicts the MD snapshot after 3ns run. From this Figure, it
is very interesting to observe that there is a single ADA molecule (colored in purple) enters the
supercell compared to the other hydrocarbons (BAL and ALK), indicating molecular sieving
phenomena to exclude the ADA molecules from the β-zeolite structure while facilitating the
adsorption of the latter hydrocarbons. For further elucidation of the observed molecular sieving
effect, the MD simulations were subsequently carried out at 298 K for adsorption kinetics of
the pure hydrocarbons (ADA, BAL, and ALK) inside the β-zeolite model. The simulated MD
conditions are similar to the aforementioned ones. Figures 3.2a, 3.2c, and 3.2e show in turns
the MD initial configurations of ADA (3 molecules), BZN (1062 molecules), and ALK (968
molecules) inside the β-zeolite model. The MD simulations were run for durations of 5-8 ns.
Self-diffusion coefficient Ds of the hydrocarbon adsorbate is determined by the slope of the
plot which describes the linear mean square displacement (MSD) relationship with time, as
presented in detail in the subsection 2.3 and in Figures 3.3a, and 3.3b. In addition, the error
of the simulated self-diffusivity is estimated using the method published by authors R. Chitra
and S. Yashonath43.

Table 3.1: Self-diffusivity of pure hydrocarbons in β-zeolite

Hydrocarbon Ds (10-8 m2/s) Error
ALK 1.18 0.18
BZN 0.20 0.06

Table 3.2: Molecular compositions and fractions in β-zeolite

BEA_synthetic_oil Before After Molecular percentage (%)
ADA 369 1 0.87
BAL 393 89 72.96
BZN 394 32 26.17
Total 1156 122 100

BEA_adamantane 3 0
BEA_alkane 968 116

BEA_benzene 1062 281

From Figures 3.3a and 3.3b, it can be clearly seen that values of self-diffusivity of BZN
and ALK adsorbates in the β-zeolite model are proportional to 10-8 - 10-9 m2/s, as shown
in Table 3.1, which are commonly observed for light hydrocarbons in the zeolite material,
indicating no pore accessible problem of these hydrocarbons to the β-zeolite structure. On the
contrary, the MD simulation of pure ADA in the β-zeolite model fails after the first few time
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3.1. Adsorbtion dynamics in β-zeolite

steps due to the excessively high adsorption energy which causes very unstable ADA adsorbate
molecules. In addition, the MD simulation of ADA inside the β-zeolite model proceeded at 700
K has found a similar result, indicating that the high kinetic energy of the adsorbate molecules
could not overcome the energy barrier induced by the molecular restriction of pores in the
solid structure. In this regard, the above MD simulation results confirm the molecular sieving
to exclude ADA from the β-zeolite structure model while accommodating the adsorption of
the other hydrocarbons (BZN and ALK). For the fact that ADA is the smallest member of the
diamondoid family, similar molecular sieving to exclude the larger diamondoids is also expected
to occur. From this stage, an interesting question arises how are these MD simulation results
utilized to explain experimental observation of the separation of lower diamondoids from oil by
β-zeolite and its heat-treated version in the previous work21?

(a)

(b)

Figure 3.3: Adsorbtion dynamics analysis in β-zeolite. (a) Self-diffusivity of pure hydrocarbons
in β-Zeolite at 298 K. (b) Time-dependent MSD of pure hydrocarbons in β-Zeolite at 298 K.

For the fact that the molecular sieving has been found to exclude the diamondoids
from β-zeolite, it is also deduced that there is a similar molecular sieving to preclude the
adsorption of cyclic alkanes present predominantly in the light oil fraction including naphthalene,
xylenes, phenanthrene, bicyclic, tricyclic compounds and their alkyl derivatives. In other words,
the virgin β-zeolite eliminates both isoalkanes and diamondoids. The former species are
predominant over the latter in the light oil fraction. Hence, there was a poor separation of
diamondoids from oil by the virgin β-zeolite, which has been experimentally observed in our
previous work21. On the other hand, the heat-treated version of the virgin β-zeolite at 500◦C.
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for a prolonged period of at least 24 hours leads to partial elimination of aluminum atoms from
the virgin zeolite structure and so lateral pore widening, which corresponded to a slight shift
in pore size of the heat treated β-zeolite compared to that of the virgin version21. Such lateral
pore widening will essentially facilitate the greater adsorption of two-dimensional molecules
such as cyclic alkanes while still eliminating highly symmetrical molecules like the diamondoids.
As a consequence, this is well corroborative with the previous experimental observation of
the outperformance of the heat treated β-zeolite over its virgin one for the separation of the
diamondoids from oils21.

3.2 Adsorption dynamics of Hydrocarbons in Realistic
Structural Model of Activated Carbon Fiber ACF-15

In this subsection, the study of hydrocarbon adsorption dynamics in the highly ordered
activated carbon fiber (ACF-15) is carried out. Accordingly, the atomistic model of ACF-15,
previously constructed by Hybrid Reverse Monte Carlo (HRMC) simulation technique30, is
utilized for the MD simulations of the adsorption dynamics presented in the previous subsection
2.4b. Similar MD conditions as aforementioned are also applied. The first MD simulations
are to investigate the pore accessibility of adamantane and its adsorption kinetics to the
ACF-15 model at temperatures between 298 K and 448 K. Figure 3.4a shows the initial MD
configuration that does not initially contain adamantanes inside the solid but rather 613
ADA molecules surrounding it. As shown in Figure 3.4b, the solid region is taken from the
surrounding fluid region. Figure 3.4c presents the snapshot of the MD simulation system at
298 K for 3ns after the solid domain containing adsorbed hydrocarbons was extracted from
the adjacent domains. From this figure, it is clearly seen that the adamantane can diffuse in
all larger pores of the ACF-15 model except the small pores whose critical size is presumably
smaller than the smallest dimension (6.8 Å) of diamantane molecule24. Subsequently, the
MD configuration as in the snapshot presented in Figure 3.4c was employed as the MD
initial configuration for the MD simulations to study the adsorption kinetic behavior at the
four different selected temperatures (298 K, 348 K, 398 K, and 448 K). Particularly, the
self-diffusion coefficient Ds is determined from the slope of the linear plot of mean square
displacement (MSD) against the MD simulation time, as shown in Figure 3.5. The error of
the simulated self-diffusion coefficient is estimated using the aforementioned method. Figures
3.6a and 3.6b display the variation of the self-diffusion coefficient with temperature and that
with reciprocal temperature, respectively. The latter plot is used to determine pre-factor D0
and activation energy Ea by the fit of the MD simulated temperature-dependent data with
the Arrhenius equation44 given as Ds = D0 exp(− Ea

kBT
). From these figures, a striking feature

is that there exists a crossover or transition temperature near 348K. Accordingly, there is a
simultaneous increase in the pre-factor D0 and activation energy Ea from 2.3 × 10−9 m2/s
and 1.8 kJ/mole for lower temperatures than 348K to 9.71 × 10−9 m2/s and 6.0 kJ/mole
for higher temperatures than 348 K.

Due to the high melting point of adamantane of 270◦C, it can be presumed that the
relaxation time τ0 of adamantane at adsorption sites is much longer than the jumping time
between neighboring adsorption sites. In this regard, the pre-factor D0 is approximately
determined as:

D0 = r2
0

4τ 0
(3.1)
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(a) (b) (c)

Figure 3.4: Investigation on adsorption accessibility of adamantane to ACF-15. (a) MD initial
configuration of adamantane in ACF-15. (b) The configuration of adamantane in ACF-15
after 3ns MD run before taking out the solid. (c) The configuration of adamantane in ACF-15
after 3ns MD run after taking out the solid.

Figure 3.5: Time-dependent MSD of adamantane in ACF-15 at various temperatures.

Table 3.3: Self-diffusivity of adamantane in ACF-15 at various temperature

Adamantane Ds (10-8 m2/s) Error
298 K 0.11 0.016
348 K 0.12 0.031
398 K 0.15 0.025
448 K 0.20 0.023

where r0 is the inter-adsorption site distance.
For the further assumption of temperature independence of r0, the relaxation time τ0 is

presumably larger at the lower temperature due to higher adsorption density and lower kinetic
energy of the adsorbate, leading to an increase in the pre-factor D0 with increasing temperature.
In practice, it is also noted that the significant difference in the pre-factor D0 by less than
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Table 3.4: Self-diffusivity of pure hydrocarbons in β-zeolite

Temperature Ea (kJ/mol) D0 (10-9 m2/s)
298 – 348 K 1.8 2.3
348 – 448 K 9.71 9.71

an order of magnitude for the same adsorption system measured by different methods is also
observed. The increase in the activation energy Ea with increasing temperature arises from
the heterogeneity of the adsorption energy landscape. Higher density of the adsorbed phase at
lower temperatures than 448 K can be seen from a right shift of peaks in pair distribution
functions g(r) between 6.65 Å - 7.35 Å as the temperature rises. As a consequence, the higher
density of the adsorbed phase or the high adsorption coverage at the lower temperatures in
association with energetically less favored adsorption sites results in lower activation energy to
the surface diffusion. This has been experimentally observed45,46.

Table 3.5: Molecular compositions and fractions of hydrocarbons in ACF-15

ACF_synthetic_oil Before After Molecular percentage (%)
ADA 278 104 42.43
BAL 274 56 23.18
BZN 277 84 34.39
Total 829 244 100

ACF_adamantane 613 182
ACF_alkane 475 166

ACF_benzene 369 232

Table 3.6: Self-diffusivity of pure hydrocarbons in ACF-15

Hydrocarbon Ds (10-8 m2/s) Error
ADA 0.11 0.016
BAL 1.26 0.338
BZN 1.38 0.103

From Figure 3.7, it can be foreseen that adamantane molecules are more accessible to
the pore system of ACF-15 at lower temperatures than 348 K due to their energetically more
favorable self-assembly.

For investigating the capability of ACF-15 to separate diamondoids from crude oil, we
further performed the MD simulations of pure BZN and ALK and their mixture at 298 K in
the ACF-15 carbon model. Figures 3.8a and 3.8c demonstrate the initial MD configurations of
BZN and ALK in the ACF-15 carbon model. The MD snapshot of BZN in the ACF-15 model
after a 3ns MD run shows BZN adsorbates access all the pores of the ACF-15 model while
excluding ALK adsorbates to the small pores due to the planar geometry of BZN molecule
(molecular thickness of 1.4 Å)42 compared to much larger kinetic diameter (6.2 Å)47 of the
ALK adsorbates. For comparing the self-diffusion coefficient among the studied hydrocarbons

27



3.2. Adsorption dynamics of Hydrocarbons in Realistic Structural Model of Activated Carbon Fiber
ACF-15

(a)

(b)

Figure 3.6: Adsorption dynamics analysis of adamantane in ACF-15. (a) Self-diffusivity of
adamantane in ACF-15 at various temperatures. (b) Arrhenius fitting of self-diffusivity of
adamantane in ACF-15 against temperatures.

(ADA, BZN, ALK) in the ACF-15 model, the initial MD configurations having (369 molecules)
of BZN and (475 molecules) of ALK in the carbon model, are prepared for MD simulations to
determine self-diffusivity and its error by the aforementioned method. Figure 3.9 indicates
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Figure 3.7: Radial distribution function of adamantane in ACF-15 at various temperatures.

the significantly faster diffusion rate of BZN and ALK adsorbates (10.22 × 10−8 m2/s and
8.38×10−8 m2/s, respectively) in the ACF-15 model than ADA adsorbates (3.88×10−8 m2/s)
by a factor. Accordingly, a question is if the higher diffusion rate of the former adsorbates
possibly denotes lower activation energy Ea of the adsorbates to access the pore system of
the ACF-15 model. In order to render an answer to this question, we proceeded with the
MD simulations to study the pore accessibility of the mixture of ADA, BZN, and ALK in the
carbon model followed by the determination of the self-diffusion coefficient of the individual
adsorbates as their mixture is initially placed inside the pore structure of the ACF-15 model.
In particular, the hydrocarbon mixture containing 278 ADA molecules, 277 BZN molecules,
and 274 ALK molecules was arranged outside the unit cell of the ACF-15 model to create the
unit cell of the initial MD configuration, as shown in Figure 3.10a.

Table 3.7: Self-diffusivity of pure hydrocarbons in ACF-15

Hydrocarbon Ds x 10-8 (m2/s) Error
ACF_ALK_298K 0.08 0.014
ACF_BZN_298K 0.10 0.026
ACF_ADA_298K 0.11 0.005
ACF_ALK_448K 0.16 0.057
ACF_BZN_448K 0.21 0.053
ACF_ADA_448K 0.25 0.011
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(a) (b)

(c) (d)

Figure 3.8: Investigation on adsorption accessibility of pure hydrocarbons to ACF-15 adsorbent.
(a) MD Initial configuration of alkane in ACF-15. (b) MD snapshot of alkane in ACF-15. (c)
MD Initial configuration of benzene in ACF-15. (d) MD snapshot of benzene in ACF-15.

For this arrangement, the hydrocarbon mixture is assumed to enter the pore system of
the ACF-15 model from the bulk phase dwelling inside grain boundary domains. Figure 3.10b
presents the MD snapshot of the adsorbed phase inside the carbon model after the 5ns MD
run. From Figure 3.10, it is interesting to see that the adsorbed phase contains a slightly high
number of ADA adsorbates (104 molecules) compared to that of BZN (84 molecules) and
ALK (56 molecules), indicating comparable or even lower activation energy Ea of the former
adsorbate to access the pore structure of the ACF-15 model. To have a better understanding
of the competitive adsorption kinetics among the hydrocarbons, the initial MD configuration
is constructed from the adsorbed phase and the carbon model only, as shown in Figure 3.10c.
The comparison in self-diffusion coefficient among the hydrocarbons of the adsorbed phase
inside the carbon model, as shown in Figures 3.12a and 3.12b, indicates the faster diffusion
rate 1.1 × 10−9 m2/s of ADA adsorbate than that of ALK (0.8 × 10−9 m2/s) adsorbate and
that of BZN (1.0 × 10−9 m2/s) adsorbate. This seems to be contradictory to the significantly
faster diffusion rate of ALK than ADA observed in the case of the single adsorption dynamics
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Figure 3.9: Self-diffusivity of pure hydrocarbons in ACF-15 at 298 K.

(a) (b) (c)

Figure 3.10: Investigation on adsorption accessibility of synthetic oil to ACF-15. (a) MD
initial configuration of synthetic oil in ACF-15. (b) The configuration of synthetic oil in ACF-15
after 3ns MD run before taking out the solid. (c) The configuration of synthetic oil in ACF-15
after 3ns MD run after taking out the solid.

of the same hydrocarbons. The self-assembly of ADA, a symmetrical and rigid molecule, is
energetically more favorable than ALK, an unsymmetrical and flexible molecule48, especially
under confinement conditions. As a consequence, the adsorbed phase of ADA is expected to
be denser than that of ALK, indicating the lower activation energy Ea of the former adsorbate.
From the above presentation, despite energetically more favorable adsorption of ADA compared
to ALK in ACF-15, the sufficiently good separation of ADA from the hydrocarbon mixture
(ADA, BZN, ALK) is not practically expected, especially a tiny concentration of diamondoids
in crude oils and extractable organic matter (EOM). However, it is very interesting to be
deduced that the lower activation energy Ea of ADA relative to that of ALK might be related
to the self-assembly under the confinement. As a consequence, a question arises is if there
exists an optimum pore size that significantly enhances the self-assembly or the adsorption
coverage of ADA adsorbate to that of BZN and ALK in the case of the competitive adsorption
of the mixture of these hydrocarbons.
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Figure 3.11: Radial distribution function of adamantane in synthetic oil in ACF-15 at various
temperatures.

(a)

(b)

Figure 3.12: Adsorption dynamics analysis of adamantane in ACF-15. (a) Self-diffusivity
of hydrocarbons of synthetic oil in ACF-15 at various temperatures. (b) Self-diffusivity of
hydrocarbons of synthetic oil in ACF-15 against temperatures.
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3.3 Adsorption dynamics of Hydrocarbons in Graphitic
Slit-Like Pore

In this subsection, we investigate the pore accessibility of single hydrocarbon components
(ADA, BZN, and ALK) in graphitic slit-like pores (GRP) as illustrated in Figures 3.13, 3.14,
and 3.15. The slit-like pore model consists of two identical opposite walls, each containing
two graphene layers which approximately generate the adsorption field strength of the infinite
thickness graphitic wall. Figures 3.13a, 3.14a, and 3.15a show all the initial MD configurations
which do not initially include adsorbates inside pores. Similar MD conditions as aforementioned
are also applied.

(a) (b) (c)

Figure 3.13: Investigation on adsorption accessibility of adamantane to 5.5 Å graphitic slit
pore. (a) MD initial configuration of adamantane in graphitic slit pore. (b) The configuration
of adamantane in graphitic slit pore after 3ns MD run. (c) MD initial configuration has no
adamantane in graphitic slit pore after 3ns MD run.

(a) (b) (c)

Figure 3.14: Investigation on adsorption accessibility of benzene to 5.5 Å graphitic slit pore.
(a) MD initial configuration of benzene in graphitic slit pore. (b) The configuration of benzene
in graphitic slit pore after 3ns MD run. (c) The configuration of benzene in graphitic slit pore
of 3ns MD run after taking out the solid.

Figure 3.16 presenting snapshots after 3ns MD runs indicate the onset of the molecular
sieving that occurs for the internal pore size of 5.5 Å to exclude ADA adsorbates while
accommodating BZN and ALK adsorbates to enter the pore. On the contrary, all the studied
hydrocarbons are accommodated to enter larger pores whose internal width is greater than 6
Å. This is consistent with the molecular dimensions of ADA, BZN, and ALK adsorbates of
6.8 Å, 5.85 Å, and 6.2 Å, respectively. From the MD snapshots of the hydrocarbon mixture
adsorption dynamics, we determined molecular fractions of the adsorbed hydrocarbons in all
the larger pores whose internal pore widths are 6.0 Å, 9.0 Å, 12 Å, and 15 Å, as presented in
Table 3.8 and Figures 3.17, 3.18, 3.19 and 3.20. Accordingly, it is very interesting to observe
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(a) (b) (c)

Figure 3.15: Investigation on adsorption accessibility of alkane to 5.5 Å graphitic slit pore.
(a) MD initial configuration of alkane in graphitic slit pore. (b) The configuration of alkane in
graphitic slit pore after 3ns MD run. (c) The configuration of alkane in graphitic slit pore of
3ns MD run after taking out the solid.

that the highest molecular fraction of ADA adsorbates over that of BZN and ALK occurs in
the pore of 12 Å. It is noted that the initial molecular compositions of ADA, BZN, and ALK
are almost equal in all the initial MD simulations, as presented in Table 3.8. As a consequence,
there exists the optimal pore size in the adjacent pore size domain of 12 Å, as depicted in
Figure 3.24. A closer look at the molecular packing configuration of the adsorbed layers inside
the larger pores than 5.5 Å, as presented in Figure 3.21, reveals that the adsorbed ADA phase
in the pore size of 12 Å contains exactly two adsorbed layers near two opposite walls of the
studied pore where the location of the adsorption energy wells is as expected48. Hence, the
adsorption field by the two graphitic pore walls highly stabilizes the self-assembly of ADA
inside the pore which subsequently gives rise to the high adsorption coverage. Meanwhile, the
adsorbed phases in the pores (6 Å, 9 Å, and 15 Å) contain either less than 1.5 layers or larger
than 2 layers which do not entirely fall within the domain of the adsorption wells, leading to
much weaker stabilization of the self-assembly of ADA adsorbates in these non-optimal pores
or much lower adsorption coverage. This observation could arise from the enhanced entropy of
the ADA molecule by its rigidity and symmetry of this molecule48. Such entropic enhancement
essentially results in energetically more favorable self-assembly of ADA adsorbates compared
to BZN and ALK under the confinement which is indicative of preferential ADA adsorption in
all the studied pores (6 Å, 9 Å, 12 Å, 15 Å). In particular, a small pore of 6 Å has a single
adsorption potential well that is possibly stronger for ALK and BZN adsorbates and could
be counterbalanced by the higher entropy of ADA adsorbate, leading the preferential ADA
adsorption48. It is also deduced that there will be less difference in the adsorption enthalpy
between the studied hydrocarbons in larger pores (9 Å, 12 Å), which accommodates up to
two adsorbed layers while maintaining the entropic difference. As a result, the predominant
ADA adsorption in the pore of 12 Å having the double well adsorption potential is observed,
as presented in Figure 3.20 and Table 3.8. For the wider pore (15 Å) whose two adsorption
potential wells are well separated by at least one adsorbed layer, the centered adsorption well
depth increases, possibly denoting an increase in the adsorption enthalpy difference between
the studied hydrocarbons, which eventually induces the significant reduction in the preferential
ADA adsorption degree. Furthermore, the pair distribution functions of the ADA adsorbed
phase in the investigated pores (6 Å), as illustrated in Figure 3.22, evidently show the largest
number of the nearest neighbors of ADA around the centered ADA molecule (represented by
peak a), denoting closest packing and uniformity of the self-assembly of ADA adsorbed phase
in the pore of 12 Å.

The determination of the self-diffusion coefficients Ds of ADA, BZN, and ALK in their
adsorbed mixtures in the graphitic slit pores of 5.5 - 15 Å shows the fastest diffusion rate of
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Table 3.8: Molecular compositions and fractions of hydrocarbons of synthetic oil in graphitic
slit pore at various pore sizes

GRP5.5 Before After Percentage
ADA 120 0 0.0
ALK 117 9 64.29
BZN 117 5 35.71
Total 354 14 100.0

GRP6
ADA 118 7 40.97
ALK 117 4 23.61
BZN 117 6 35.42
Total 352 17 100.0

GRP9
ADA 107 21 44.68
ALK 107 13 27.66
BZN 107 13 27.66
Total 321 47 100.0

GRP12
ADA 107 61 77.07
ALK 107 8 10.11
BZN 116 11 12.82
Total 330 80 100.0

GRP15
ADA 107 36 46.22
ALK 114 23 27.72
BZN 116 22 26.06
Total 337 81 100.0

ADA in all the studied pores, as presented in Table 3.9 and Figure 3.23. It is further observed
that the ratio of the self-diffusion coefficient of ADA to that of ALK or kinetic selectivity of
ADA to ALK reaches the largest value of nearly 10 in the pore of 12 Å but at best 3 in the
remaining pores, as shown in Figure 3.23. These results are very consistent with the most
ADA abundance of 76% in the pore 12 Å and so the highest adsorption selectivity of ADA over
the other hydrocarbons (BZN and ALK). The highest diffusion rate of ADA in the pore of 12
Å arises from the stability of the self-assembly of ADA in the pore that essentially reduces
the activation energy for the diffusion of ADA into the pore in comparison with that of the
remaining hydrocarbons, as aforementioned. Finally, the temperature effect on the kinetic
selectivity of ADA to BZN and ALK in the pore of 12 Å is also investigated in this thesis. In
particular, the self-diffusion coefficients of ADA, BZN, and ADA are estimated from the MD
simulations of their mixture at a higher temperature of 700 K, as presented in Figure 3.25.
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Table 3.9: Self-diffusivity of hydrocarbons of synthetic oil in GRP at various temperatures

Hydrocarbon Ds (10-8 m2/s) Error
GRP6.0_BAL 1.82 1.011
GRP6.0_BZN 3.21 2.145
GRP6.0_ADA 3.14 2.931
GRP9.0_BAL 1.23 0.288
GRP9.0_BZN 2.52 0.034
GRP9.0_ADA 3.40 0.560
GRP12.0_BAL 0.19 0.080
GRP12.0_BZN 0.47 0.014
GRP12.0_ADA 1.73 0.729
GRP15.0_BAL 2.44 1.866
GRP15.0_BZN 3.52 1.171
GRP15.0_ADA 5.58 2.618

(a) (b)

Figure 3.16: Investigation on adsorption accessibility of the synthetic oil to 5.5 Å graphitic
slit pore. (a) MD initial configuration of the synthetic oil in 5.5 Å graphitic slit pore. (b) MD
snapshot indicates molecular sieving excluding adamantane from the pore size of 5.5 Å.

From this figure, it can be observed that the kinetic selectivity of ADA over ALK reduces to
near unity, indicating the strong temperature impact on the stability of the self-assembly of
the adsorbed ADA that raises significantly the activation energy for the ADA diffusion into
the pore. The stability of the self-assembly can be seen through a shift of the first nearest
neighbor peak at 700 K compared to that of 298 K, indicating a significant reduction in the
number of the nearest neighbors at the high temperature, as demonstrated in Figure 3.26.
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(a) (b)

Figure 3.17: Investigation on adsorption accessibility of the synthetic oil to 6 Å graphitic
slit pore. (a) MD initial configuration of the synthetic oil in 6 Å graphitic slit pore. (b) MD
snapshot of synthetic oil in 6 Å graphitic slit pore of 3ns MD run after taking out the solid.

(a) (b)

Figure 3.18: Investigation on adsorption accessibility of the synthetic oil to 9 Å graphitic
slit pore. (a) MD initial configuration of the synthetic oil in 9 Å graphitic slit pore. (b) MD
snapshot of synthetic oil in 9 Å graphitic slit pore of 5ns MD run after taking out the solid.
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(a) (b)

Figure 3.19: Investigation on adsorption accessibility of the synthetic oil to 12 Å graphitic
slit pore. (a) MD initial configuration of the synthetic oil in 12 Å graphitic slit pore. (b) MD
snapshot of synthetic oil in 12 Å graphitic slit pore of 5ns MD run after taking out the solid.

(a) (b)

Figure 3.20: Investigation on adsorption accessibility of the synthetic oil to 15 Å graphitic
slit pore. (a) MD initial configuration of the synthetic oil in 15 Å graphitic slit pore. (b) MD
snapshot of synthetic oil in 15 Å graphitic slit pore of 5ns MD run after taking out the solid.

Figure 3.21: Molecular packing configuration in the pore size of 12 Å
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Figure 3.22: Radial distribution function of adamantane in synthetic oil at different pore
sizes

(a) (b)

(c) (d)

Figure 3.23: Adamantane adsorption dynamics analysis in graphitic slit pore at different
pore sizes. (a) Self-diffusivity of hydrocarbons of synthetic oil in 6 Å graphitic slit pore. (b)
Self-diffusivity of hydrocarbons of synthetic oil in 9 Å graphitic slit pore. (c) Self-diffusivity of
hydrocarbons of synthetic oil in 12 Å graphitic slit pore. (d) Self-diffusivity of hydrocarbons of
synthetic oil in 15 Å graphitic slit pore.
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Figure 3.24: Self-diffusivity of hydrocarbons of synthetic oil in graphitic slit pore at different
pore sizes

Figure 3.25: Self-diffusivity of hydrocarbons of synthetic oil in 12 Å graphitic pore at different
temperatures
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Figure 3.26: Radial distribution function of adamantane in synthetic oil inside 12 Å graphitic
pore at different temperatures
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CHAPTER 4
Conclusions

In this thesis, the molecular dynamics (MD) simulation method is mainly used to
investigate the single and mixture adsorption dynamics of the hydrocarbons (ADA, BZN,
ALK) in several microporous adsorbent models including β-zeolite, activated carbon ACF-15,
and graphitic slit-like pores. For β-zeolite, the molecular sieving (MS) phenomena have been
found to exclude the ADA adsorbates while permitting the BZN and ALK adsorbates to
enter the pore system. The latter hydrocarbons tentatively represent alkanes and aromatic
compounds in light oil fractions, respectively. Hence, the mixture of the hydrocarbons (ADA,
BZN, ALK) is presumably considered synthetic oil. The molecular sieving is well corroborative
with the enrichment in lower-diamondoids in N2 effluent from the bed of virgin β-zeolite
and its heat-treated version, as experimentally observed in the previous work21. Thus, the
pore-widening heat treatment further enhances the non-diamondoid uptake in the heat-treated
version of β-zeolite, leading to better separation of lower diamondoids from crude oil, as
previously reported21.

For the adsorption dynamics in activated carbon fiber ACF-15 at various temperatures
(298 K – 448 K), it has been found that the temperature-dependent self-diffusion coefficients
of ADA reveal a transition from low activation energy in the low-temperature range (298 K –
348 K) to the higher activation energy for the higher temperature range (348 K – 448 K) as
the self-diffusivity data are fitted to the Arrhenius equation. This denotes the strong entropic
effect that essentially facilitates the low-temperature self-assembly of ADA adsorbates, leading
to the preferential adsorption of ADA adsorbates to the other hydrocarbons (BZN, ALK)
in the ACF-15 carbon model. However, it can be foreseen that the preferential adsorption
uptake of ADA does not suffice to provide a good separation of ADA from oils containing tiny
amounts of diamondoids.

For the adsorption dynamics in graphitic slit-like pore models whose internal pore size
varies from 5.5 Å to 15 Å, it has been found that the faster diffusion of the hydrocarbons in
the graphitic pore model than in the ACF-15 model due to the defect-free former model. It has
also been observed that the molecular sieving occurs only for the smallest pore of 5.5 Å that
excludes ADA adsorbate while accommodating BZN and ALK, providing further supporting
evidence on the pore-widening heat treatment of β-zeolite that maintains the ADA-exclusive
molecular sieving phenomena while increasing the non-diamondoid adsorption uptake. Finally,
the striking feature has been seen that there exists the optimal pore size accommodating two
adsorbed layers of ADA that indicates predominant adsorption uptake of ADA over BZN and
ALK. In other words, this potentially offers the effective separation method for the separation
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of low ADA concentrations from crude oils or rock extractable organic matter whereby the
enriched ADA concentration through the MSC (5.5 Å) follows by trapping diamondoids in the
graphitic pore of 12 Å.
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APPENDIX A
Mean square displacement

There is a combination of Fick’s law with an equation that expresses the conservation of
the total amount of material to compute the time evolution of the concentration profile:

∂c(r, t)
∂t

+ ∇ · j(r, t) = 0 (A.1)

Combining the equation of Einstein’s relation (2.15) and Fick’s first law (2.16), we obtain

∂c(r, t)
∂t

) −D(∇2c(r, t)) = 0 (A.2)

With the boundary condition:

c(r, 0) = δ(r) (A.3)

(δ(r) is the Dirac delta function) to yield

c(r, t) = 1
(4πDt) d

2
exp

(
− r2

4Dt

)
(A.4)

where d denotes the dimensionality of the system (usually d = 3). The mean square
displacement over the molecules have moved in time t ⟨r2(t)⟩ can be obtained by multiplying
equation (A.2) by r2 and integrating over all space with the assumption∫

dr, c(r, t) = 1 (A.5)

This yields
∂

∂t

∫
drr2c(r, t) = D

∫
drr2∇2c(r, t) (A.6)

After the partial integration to the right-hand side, Einstein’s relation is obtained

∂⟨r2(t)⟩
∂t

= 2D (A.7)
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APPENDIX B
Velocity autocorrelation function

For convenience, only one Cartesian component of the mean square displacement is
considered, and if r2(t) is the time integral of the displacement of the tagged particle velocity

⟨r2(t)⟩ = ⟨
(∫ t

0
vx(t′)dt′

)2
⟩ (B.1)

=
∫ t

0

∫ t

0
dt′dt′′⟨vx(t′)vx(t′ + ∆t)⟩ (B.2)

= 2
∫ t

0

∫ t′

0
dt′ dt′′⟨vx(t′)vx(t′ + ∆t)⟩ (B.3)

Where ⟨vx(t′)vx(t′′)⟩ is called the velocity autocorrelation function. It is an equilibrium
property and describes the correlation between the velocity of a particle at different times t′
and t′′. As an equilibrium property, the VAF depends only on time t′ and t′′, it can be written
as follows:

⟨vx(t′)vx(t′′)⟩ = ⟨vx(0)vx(t′ + ∆t)⟩ (B.4)

And there is the relation between the diffusion coefficient and the particles’ velocity

2D = lim
t→∞

∂⟨x2(t)⟩
∂t

(B.5)

Combining equations (B.2) and (B.3), we get

D =
∫ ∞

0
dτ⟨vx(τ)vx(0)⟩ (B.6)

where τ = i∆t
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APPENDIX C
Radial distribution funtion

The RDF is given by

ρg(r) = 1
N

⟨
N∑

i=1

N∑
j ̸=i

δ(r − rij)⟩ (C.1)

where N denotes the overall number of atoms, ρ = N/V is the density, rij is the vector
from atom i to j, and time average is signified by angular bracket. The structural arrangement
of atoms in substances that are homogeneous uniform is determined solely by the distance
r among atoms and is unaffected by the separation direction of vector r, so equation (C.1)
reduces to.

ρg(r) = 1
N

⟨
N∑

i=1

N∑
j ̸=i

δ(r − rij)⟩ (C.2)

Equation (C.2) can be rewritten as below due to double summation of the term N(N−1)
but only 1

2N(N − 1) of those terms are unique

ρg(r) = 2
N

⟨
N∑
i

N∑
j<i

δ[r − rij]⟩ (C.3)

The normalization of RDF can be yielded by integration of all available separation between
two atoms

ρ
∫
g(r)dr = 2

N
⟨

N∑
i=1

N∑
j<i

∫
δ(r − rij)dr⟩ (C.4)

After alternatively applying integration, summation, and changing the order of time
average with the normalization condition of δ as below∫

δ(r − rij)dr = 1 (C.5)

Equation (C.4) reduces to

ρ
∫ ∞

0
g(r) dr = 2

N

〈
N∑

i=1

N∑
j<i

∫ r

0
δ(r − rij) dr

〉
= N − 1 ≈ N (C.6)
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Equation (C.6) indicates that there are (N − 1) other atoms in the system around each
determined atom and is the foundation of interpreting g(r) probabilistically

ρg(r) = 1
N − 1⟨

N∑
i=1

N∑
j ̸=i

V (rij,∆r)⟩ (C.7)

where V (r,∆r) = ∆r denotes the spherical shell volume.
In order to achieve the formula for g(r) from simulation data, equation (C.3) is rewritten

by applying small but finite shell thickness ∆r.

ρ
∑
∆r

g(r)V (r,∆r) = 2
N

∑
∆r

⟨
N∑

i=1

N∑
j<i

∫
δ[r − rij]∆r⟩ (C.8)

A counting operation is represented by the double sum on the right-hand side (rhs) of
equation (C.6)

N∑
i=1

N∑
j<i

∫
δ(r − rij)∆r = N(r,∆r) (C.9)

where N(r,∆r) is the number of atoms located in a spherical shell with radius r and
thickness ∆r, with the shell centered on another atom. Putting equation (C.9) into (C.8)
yields:

g(r) = ⟨N(r,∆r)⟩
1
2NρV (r,∆r) (C.10)

Explicitly expressing the time average across a total of M time steps provides

g(r) =

M∑
k=1

Nk(r,∆r)

M
(

1
2N

)
ρV (r,∆r)

(C.11)

The value chosen for the shell thickness ∆r is an adjustment: it must be limited to resolve
essential aspects of g(r), but yet large enough to offer an appreciative sampling population
for statistically credible results. Levels at ∆r = 0.025σ balance these competing elements
satisfactorily.
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